The Pennsylvania State University
The Graduate School

Department of Mathematics

THERMODYNAMIC FORMALISM FOR

NONUNIFORMLY HYPERBOLIC DYNAMICAL SYSTEMS

A Thesis in
Mathematics
by

Anna Mummert

Copyright 2006 Anna Mummert

Submitted in Partial Fulfillment
of the Requirements
for the Degree of

Doctor of Philosophy

August 2006



The thesis of Anna Mummert was reviewed and approved* by the following;:

Yakov Pesin

Distinguished Professor of Mathematics
Thesis Advisor

Chair of Committee

Piotr Berman
Associate Professor of Computer Science and Engineering

Svetlana Katok
Professor of Mathematics

Mark Levi
Professor of Mathematics

Arkady Tempelman
Professor of Mathematics and Statistics

Howard Weiss
Professor of Mathematics

Nigel Higson
Distinguished Professor of Mathematics
Chair of the Mathematics Department

*Signatures are on file in the Graduate School.



Abstract

This thesis examines the thermodynamic formalism of nonuniformly hy-
perbolic dynamical systems in two cases.

In the first part, we study the nonadditive thermodynamic formalism
for the class of almost-additive sequences of potentials. We define the topo-
logical pressure Pz(®) of an almost-additive sequence ®, on a compact f-
invariant set Z. We give conditions which allow us to establish a variational
principle for the topological pressure. We state conditions for the existence
and uniqueness of equilibrium measures. In the special case of subshifts
of finite type we state conditions for the existence and uniqueness of Gibbs
measures. We compare our results for almost-additive sequences to the ther-
modynamic formalism for additive sequences [Rue78, [Sin72), [Bow70], non-
additive sequences [Bar96], subadditive sequences [Fal88|, and the almost-
additive sequence studied by Feng and Lau [FL0O2, [Fen04].

Second, we study the thermodynamic formalism for discontinuous po-
tentials. We give conditions under which the topological pressure of a dis-
continuous potential can be defined. A corresponding variational principle is
established, no additional conditions are required. This thermodynamic for-
malism is applied to nonuniformly hyperbolic maps f and the corresponding
potentials ¢ (z) = —tlog Jac(df| g« ). Other specific examples are considered,
namely countable Markov shifts [Sar99] and unimodal maps [BK98].
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Epigraph

Measure Theory

If T were to stroll along a simplex
And come to the very end

What would I find there

But my ergodic friend

Together we would travel

And find the total measure of it all
Oh the points we could see
Together just like this

For eternity



Chapter 1

Basic Notions

In this chapter the basic mathematical notions are collected. We begin with
a section on hyperbolicity as it applies to this thesis. Then other preliminary
definitions are given.

1.1 Hyperbolicity

A comprehensive examination of hyperbolicity as it applies to this thesis
can be found in [BP02].

A dynamical system is said to be hyperbolic if at every point there exists
an invariant splitting of the tangent bundle T, M = E; ® EY, where E}
consists of those vectors that contract under iterations of the derivative of
f, and EY consists of those that contract under iterations of the derivative
of f=1. If the splitting is continuous in = and the contraction rates do not
depend on x, the system is called uniformly hyperbolic, otherwise it is called
nonuniformly hyperbolic.

Let f: R — R be a C''*¢ diffeomorphism of a compact smooth Rieman-
nian manifold R. Given z € R and v € TR, define the Lyapunov exponent
of v at x by

log ||df
Az, v) = lim sup M.

n—o00 n
If = is fixed then the function A(z,-) can achieve only finitely many dis-
tinct values A(M(z) > --- > A@@)(z). The functions A(?)(z) and ¢(z) are
measurable and f-invariant.

Define the f-invariant set

A={zeR:31<k(x)<s(x): '@ (z) <0and \F@+ () > 0}



The dynamical system f is said to have nonzero Lyapunov exponents almost-
everywhere if there exists an ergodic f-invariant Borel measure v such that
v(A) = 1. The measure v is said to be a hyperbolic measure for f.

Let © be a hyperbolic ergodic Borel f-invariant measure on R. Thus we

have that the functions A (z) = )\/(f) and ¢(z) = q are constant p almost
everywhere, and there exists k(= k(z)), 1 < k < g such that

1 k k+1
AL > s AR s 0 > AR S s A0,
Also, for p almost every point x € R there exist stable and unstable sub-
spaces E)(z), E®(z) € T, R such that
1. E®)(z)® EW(z) = T, R,
df E® (z) = E®)(f(x)), and df, B (z) = EW(f(x)),
2. For any n > 0
[ldfz o]l < Di(e)y" o]l if v € E*(x),
ldf; "oll < Di(z)y"||v]] if v € E*(z),
where 0 < v < 1 is a constant and C}(x) > 0 is a measurable function,

3. Z(E*(x), E*(x)) > Da(x) > 0, where Da(z) is a measurable function
and Z denotes the angle between the two subspaces, and

4. Di(f™(x)) < Dy(x)e™, Da(f(x)) > Do(x)e™™ for any n > 0, where
0 > 0 is a constant which is sufficiently small compared to 1 — ~.

The regular sets are
A ={z e R:Di(z) <land Dy(z) > 1/l}.
These sets A; are nested and exhaust A = Ul21 Ay, the set of regular points.

Theorem (Multiplicative Ergodic Theorem). If f is a C* diffeomor-
phism of a compact smooth Riemannian manifold R, then the set of Lya-
punov regular points has full measure with respect to any f-invariant Borel
probability measure on R.

For a hyperbolic measure i, the multiplicative ergodic theorem immedi-
ately gives us that the set of Lyapunov regular points with nonzero Lyapunov
exponent contains a nonuniformly hyperbolic set of full ;1 measure.

A diffeomorphism f: X — X is called Aziom A if the set Q(f) of non-
wandering points is hyperbolic and is the closure of the periodic points. The
spectral decomposition theorem gives that Q(f) = Q1 J---JQs, where the
basic sets §2; are pairwise disjoint closed sets with
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L. f(€;) = Q; and fiq, is topologically transitive,

2. Q=271 U---UZip,, with the Z; ; pairwise disjoint closed sets with
f(Zij) = Zi j+1 and f|z, ; topologically mixing.

An Axiom A diffeomorphism is topologically conjugate to a one-sided
subshift of finite type.

1.2 Preliminary Information

A comprehensive examination of the concepts and definitions defined here
and used in this thesis can be found in [KH95].

1.2.1 Subshifts of Finite and Countable Type

The set of all two-sided (double-sided) sequences of n letters is denoted
Ypo={z=...z1zox1... : 0<z; <n-—1, forall i € Z},
and the set of all one-sided (single-sided) sequences of n letters is
Sh={z=wor1... : 0<2; <n—1, foralli € N}.

An n x n matrix A is a transition matrix if every entry in A is 0 or 1. We
assume that the matrix is nondegenerate, that is, every row and column has
at least one nonzero entry. A transition matrix gives a subset of two- (or
one-) sided allowable sequences. The set of all two-sided allowable sequences
is

=1, for alli € Z},

EA = {£ = T-1T0LL """ ¢ Axixi+1

and the set of one-sided allowable sequences is

Sh={z=zr1---: A =1, for all i € N}.

TiLi41

A cylinder set C, is the set of all x € ¥, (or X,,, X4, EJAF) is the set of all
allowed sequences such that the positions —n to n (or the first n) are fixed.

The shift map on ,, 5, ¥4, and £ is defined as (o(x)); = zis1.
The systems (X,,0) and (X}, o) are called the full two- or one-sided shift,
respectively. The systems (X4,0) and (X7, 0) are called two- or one-sided
subshifts of finite type. When there is no confusion, we drop the 4+ notation
for the set of one-sided sequences.

If for every i, j there exists an N = N (i, j) such that (AY);; = 1, then the
matrix A is called irreducible, and the corresponding dynamical system is

3



topologically transitive. If there exists an N such that for every i, j (A )ij =
1, then the matrix A is called primitive, and the corresponding dynamical
system is topologically mixing. If the dynamical system is topologically
mixing then there exists an N such that for every n > N and every a,b of
the alphabet there exists a word of length n from a to b.

1.2.2 Covers and Sets Associated to Covers; Potentials; Vari-
ations

Let U be a finite open cover of a compact metric space (X, p), and W, ()
the set of all m-strings U = U, ...U;,, of members of i, and denote by
WU) = U1 Wimn(Ud). Let m(U) = m be the length of the string U.
Define the set

XU)={zeX:ffx)elU,, k=0,...,mU) —1}.

We say that I' C W, (U) covers X if X = (Jycp X(U). For subshifts of
finite type, if m(U) = n then X (U) is a cylinder set C,,.

Set diam(U) to be the diameter of the the collection U, that is, the
largest diameter of the sets U € U.

Let ¢: X — R. The variations of ¢ are

Va(p) = sup{le(z) — ¢(y)| : 2,y € X(U), m(U) = n}.

1.2.3 Measures and Entropy

Let M(X, f) be the set of f-invariant ergodic Borel probability measures
on X. For any subset Z C X we denote by M(Z, f) € M(X, f) the set
of all f - invariant Borel probability measures on Z. If Z is compact and
f-invariant, then M(Z, f) # @.

For each x € X and n > 0 define a probability measure p;, on X by

1 n—1
Han =~ D Oia),
k=0

where §, is the d-measure supported on the point x. Denote by V(z) the
set of all weak-* limit measures of the sequence of measures {(iz  fnen. As
X is compact, @ # V(x) C M(X, f). Set

L(Z)={z € Z:V(x)[|M(Z[)+ 2}



The set £(Z) is not empty when Z is compact and f-invariant; £(Z) may
be empty if Z is either not compact or not invariant.

For dynamical system (X, f) and measure u € M(X, f) the measure-
theoretic (metric) entropy of f is denoted by h,(f). The measure-theoretic
entropy of f with respect to the partition & is denoted h,(f,€). The entropy
of 1 with respect to the partition £ is H,(£), and the conditional entropy
of the partition £ with respect to the partition D is denoted H,(E|D).

A map f is called expansive if there exists an € > 0 so that for any points
z,y € X with p(f*(x), fF¥(y)) < e for all k € Z then z = y.



Chapter 2

Introduction

The introduction begins with a brief overview of the area of the results of
this thesis. Then a review of the classical thermodynamic formalism is given,
as well as a description of more recent results relevant to this thesis. Finally,
the definitions and results of this thesis are given.

2.1 Overview

The results of this thesis are in the area of thermodynamic formalism for
dynamical systems. This field uses the methods of statistical mechanics to
analyze the behavior of chaotic dynamical systems. A main ingredient of
thermodynamic formalism is the variational principle, which is a theoretical
extension of the principle that “nature minimizes free energy.” This principle
claims that the maximum (negative) free energy of the system associated
with the potential ¢ is a topological invariant, called the topological pressure
P(¢) of the potential. In other words,

P(¢) = sup {hu(f) + [ddpu},

where the supremum is taken over all f-invariant Borel probability measures
on X. Here h,(f) denotes the measure-theoretic entropy of f. The classical
interpretation of topological pressure was given in the pioneering works of
Ruelle [Rue78], Sinai [Sin72], and Bowen [Bow70).

The major goal of thermodynamic formalism is to generate equilibrium
measures, those which achieve the supremum in the variational principle.
Each equilibrium measure corresponds to a possible observable state of the
system. The existence of two equilibrium measures implies that the system



has a phase transition, which is an abrupt change in the the state of the sys-
tem due to small continuous changes in system parameters. In particular,
a system with a unique equilibrium measure has no phase transitions. Cer-
tain natural invariant measures can be generated as equilibrium measures.
Examples include Sinai-Ruelle-Bowen (SRB) measures and absolutely con-
tinuous measures.

The classical thermodynamic formalism corresponds to dynamical sys-
tems which are uniformly hyperbolic, such as Anosov systems and, more
generally, Axiom A systems. In the classical case it has been shown that
if the potential is Holder continuous then there exists a unique equilibrium
measure.

The main goal of this thesis is to extend the thermodynamic formal-
ism to dynamical systems possessing weaker forms of hyperbolicity, such as
nonuniformly hyperbolic dynamical systems.

Little progress has been made towards establishing a thermodynamic
formalism for nonuniformly hyperbolic dynamical systems. One obstacle is
that traditionally the potential was required to be continuous, but many
natural potential functions for nonuniformly hyperbolic dynamical systems
are discontinuous. For example, SRB measures correspond to the potential
¢(z) = —log Jac(df|gu), which may be measurable but not continuous for
dynamical systems such as unimodal maps, Hénon attractors, and geodesic
flows on nonpositively curved manifolds. Thus discontinuous potentials re-
quire a new concept of topological pressure and a new setup for the varia-
tional principle, and new methods are needed to establish the existence and
uniqueness of equilibrium measures.

The results in this thesis include two different approaches toward estab-
lishing a thermodynamic formalism for nonuniformly hyperbolic dynamical
systems. Each approach requires certain assumptions on the potential func-
tion(s). One method is based on the nonadditive topological pressure for
sequences of potential functions first examined by Barreira [Bar96]. The
second method uses the existence of a nested family of subsets so that on
the closure of each subset the potential is continuous.

In Section we present known results in thermodynamic formalism
which pertain to the results of this thesis. We then give the definitions and
state the results of this thesis for both cases considered: the case of almost-
additive sequences of potentials (Section and the case of discontinuous
potentials (Section[2.4). The proofs of results for the case of almost-additive
sequences, as well as several examples, are given in Chapter Chapter
contains the proofs of results for discontinuous potentials and examples.
Common notation used throughout this thesis and a review of hyperbolicity
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are given in Chapter

2.2 Known Results of Thermodynamic Formalism

Statistical mechanics examines physical systems with a large number of
interacting particles. Physics tells us that the behavior of the system is
governed by a Hamiltonian, which depends on the energy of the system.
Unfortunately, due to the large number of particles, it is unfeasible to even
attempt to solve the corresponding equations of motion. To study a system
with such a large number of particles, one must not consider the motion of
a single particle, but instead consider the fraction of particles exhibiting a
particular property.

Mathematically, a probability distribution on the phase space of the
system is required. The phase space is the set of all possible positions and
velocities of all the particles. Then the fraction of particles exhibiting a
certain behavior is the probability of that event.

The events that we are interested in are functions defined on the phase
space. These functions are so called “thermodynamical” quantities, for ex-
ample, temperature, pressure, and entropy. Because the complexity and
number of interactions between the particles is so high, these thermodynamic
quantities can be thought of as random variables (measurable functions on
the phase space).

The systems which are studied exhibit thermodynamic behavior, mean-
ing that the system will tend to an equilibrium state as time goes to infinity.
An equilibrium state of a systems consists of one or more macroscopically
homogeneous regions, called phases. Each phase is determined by its values
of the thermodynamic quantities. Experimental evidence shows that these
thermodynamic functions almost coincide with their means with respect to
a suitable distribution.

The goal of statistical mechanics is to construct an appropriate distri-
bution on the phase space for which the thermodynamic functions almost
coincide with their mean.

Phase Space with One Site

Suppose that a physical system has one site with possible states {1,...,n}
and corresponding energies F1, ... E,. This systems is put into contact with
a heat source of temperature T, and heat is exchanged. The energy of the
system is not fixed, and so can change. In equilibrium, the probability that



the system is in state j is given by the Gibbs distribution

exp(—fE;)
Z?:1 exp(—BE;) ’

where 3 = 1/kT, k a physical constant. The Gibbs distribution has the
property that states with higher energy are less likely to occur.

The free energy of a system is the average energy of the system minus a
constant times the entropy of the system,

‘Pj:

n n

> (=BE)P— (BT) > _(~Pilog P,).

i=1 =1

Using Calculus one can show that the Gibbs distribution maximizes the
(negative) free energy, that is, “nature minimizes free energy.”

One-Dimensional Lattice

Now consider a one-dimensional lattice with infinitely many sites. Fach
site has possible states {1,...,n}. A configuration of the system is the
assignment of one state to each lattice site. In other words, a configuration
is any element of the two-sided sequence space of n elements, ¥,,.

Let z € ¥,,. The (potential) energy contribution due to z¢ € {1,...,n}
being in the zeroth place is

o(x) = ¢go(zo) + %Z¢1(j§$j7$0)a
J#0

where ¢ (k) is the energy due to the presence of state k, and ¢, is the energy
of the interaction between states. The energy of x; being in the first place
is then ¢(ox), where o is the shift map on the space of sequences %,,.

For a system with a finite number of sites, say —m to m, let the energy of
configuration z be E,,. The corresponding Gibbs distribution p,, is propor-
tional to exp(—BEm(T—m - Tm)). If the limit of these Gibbs distributions
existed, then it would be natural to call the limit measure the Gibbs mea-
sure for ¥,,. If Vi(¢) < ca®, then the limit of the energies for finite systems,
limy, o0 Em, will be up to a constant given by

oo

> d(o’a).

j=—00



Thus using Z;":_m #(a’z) instead of E,, changes the limit measure only up
to a constant.
For the one-dimensional lattice, the following general theorem holds for

the existence of Gibbs measures.

Theorem (Bowen [Bow70]). Assume that ¢: X, — R is continuous and
there exist ¢ > 0, a € (0,1) so that Vj(¢) < ca® for every k. Then there is
a unique shift-invariant measure p on ¥, for which one can find constants
M > 0 and P such that

1 H(Crm) <M

M ™ exp(=Pm + Y7 ¢o7z)) ~

for every z € C,, and C,,, € X,,.

The measure p is typically written as ji, and is called the Gibbs measure
of ¢. For physical systems, ¢ = —(B¢. The Gibbs measure assigns lower
probability to those states with higher energy. The function ¢: ¥, — R is
called the potential, signifying its physical role as the potential energy of
the system.

2.2.1 Continuous Potentials

Let (X, p) be a compact metric space, f: X — X a continuous map, and
@: X — R a continuous function. Fix a finite open cover U of X. Consider
the following collection of subsets of X:

F=FU)={X{U):UeWU)}

and the following three set functions &, 7,9 : W(U) — R defined as

m(U)-1
U) =ex su e ,
§(U) = exp o kzo o(f* ()
n(U) = exp(—m(U)),
$(U) =mU) ™"

The set W(U), the collection of subsets F, and the three functions £, 7,
generate a Carathéodory dimension structure 7 = (W (U), F,&,n,v) on X.
(See Pesin [Pes97] for a review of dimension theory.)

The theory of Carathéodory dimension structures implies that for any
set Z C X (Z not necessarily compact or f-invariant) and real number «

10



there are three Carathéodory functions M, M, and M. For every Z C X,
we have

m(U)—1
M(Z,0yp,U) = tim inf S exp [ —am@) + s S o(fH@) | .
n—oo I Uer zeX(U) k=0

where the infimum is taken over all ' C | J,.~.,, Wi (i) that cover Z. Similarly,
define -

n—1
R TR . k
M(Z,a,w,u)—lgggfnrle exp( an+ sup > o(f (w))>,

vUer zeX(U) =0

n—1
-— Y . _ k
M(Z, o, p,U) = lim sup 1¥f Z exp ( an + sup ng(f (.Z‘))) ,

n—o0 Uer zeX(U) .—

where the infima are each taken over all T' C W, (i) that cover Z. In each
of M, M, and M, if X(U) = @ then set SUPgex () Pm(v)(T) = —00.

The general theory of Carathéodory dimension characteristics gives that
each of the three equations above jumps from +o0o to 0 at a unique critical
value, which is possibly —oco or +00. Define the critical values as

Pz(o,U) =inf{a: M(Z,a,p,U) =0} = sup{a: M(Z,a, p,U) = +00},
CPy(p,U) =inf{o: M(Z, o, p,U) = 0} = sup{a : M(Z, r, p,U) = +00},

CPz(p,U) =inf{a: M(Z,a,0,U) =0} = sup{a: M(Z,, 0,U) = +00}.

Theorem (Pesin [Pes97]). The following limits exist:

Pz(p) = dianlli(gl)éo Pz(p,U),
CPy(p) = dianlli(lg})_}ogz(%u)v
CPz(p) = dianlli(ll}{l)aoﬁz“ﬁuy

The topological pressure of a continuous potential ¢ on any set Z C X is
given by Pz(p). The values CP,(¢) and CPyz(p) are the lower and upper
capacity pressure of ¢ on Z, respectively.

If Z is f-invariant, then CP,(p) = CPz(p). If Z is both compact and
f-invariant, then Pz(p) = CP,(p) = CPz(p).

The topological pressure has the following variational principle.
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Theorem (Pesin [Pes97]). Let (X,p) be a compact metric space, and
f: X — X continuous. Assume that ¢: X — R is continuous. Let Z C X
be any set with £(Z) # @. Then

Pecy(9) = s {l) + [ pe Mz

A measure p, € M(X, f) is an equilibrium measure for ¢ if the equation
holds:

o)+ [odug=sup {0+ [odus e mex.n}.

Let f be expansive. Then the map u — h,(f)+ [¢dp is upper semicon-
tinuous. Since an upper semicontinuous map achieves its supremum on a
compact space, the following result for the existence of equilibrium measures
holds.

Theorem (Pesin [Pes97]). Let (X, p) be a compact metric space, and let
f: X — X be continuous. Assume that ¢: X — R be continuous. Assume
that f is an expansive homeomorphism of X and that the set M(Z, f) is
closed in M(X, f) in the weak-* topology. Then for any continuous function
© there exists an equilibrium measure.

The existence of equilibrium measures is a property of the dynamical sys-
tem f and does not require any assumptions on the potential ¢. Properties
of ¢ become important for showing uniqueness of equilibrium measures.

Let (X, f) be topologically conjugate to a mixing subshift of finite type.
Then there is a unique equilibrium measure for each Holder continuous ¢. In
particular, basic sets of Axiom A diffeomorphisms have a unique equilibrium
measure corresponding to each Holder continuous ¢.

Theorem (Bowen [Bow70]). Let Qs be a basic set for an Axiom A
diffeomorphism f and let ¢ : 3 — R be Hoélder continuous. Then ¢ has a
unique equilibrium measure fi,.

Compact Invariant Sets and Continuous Potentials

The expression for the topological pressure can be simplified for compact
f-invariant sets.

Let (X, p) be a compact metric space, f: X — X a continuous map,
and ¢: X — R a continuous functions. Fix a finite open cover U of X. Let

12



Z C X be a compact f-invariant set. Define the partition function

m(U)—1

Zn(Z, o) =inf Y exp sup > o(ff(@)),

ver XU 5o

where the infimum is taken over all I' C W,,,(U) covering Z. If X(U) = @,

then set Z;n:(%)_l ¢(f*x) = —oco . The topological pressure of v on Z is

1
P = i li —log Z,,(Z., 0. U).
7(%) diaml(gl)ﬂomgnoom 08 Zm(Z, p,U)

For a compact f-invariant set Z we have £(Z) = Z. Thus the variational
principle

Pz(p) :SUp{hu(f)+/Z<PdM3M€M(Z7f)}
holds.

Subshifts of Finite Type and Continuous Potentials

Subshifts of finite type are of interest in thermodynamic formalism since
Gibbs measures exist for one- or two-sided subshifts of finite type, as well
as for the full two-sided sequence space (the one-dimensional lattice). For
subshifts of finite type the value of P in the definition of Gibbs measure is
the topological pressure of the potential .

The expression for the topological pressure can be simplified for subshifts
of finite type. Let (3 4,0) be a subshift of finite type, and ¢: ¥4 — R
continuous. The partition function simplifies to

m—1
Zn(p)= Y exp (sup > w(akw)> :
Cm€EX A 2€Cm k=0

The topological pressure of ¢ on X 4 is

!
Ps,(p) = lim —log Zn(p).

m—oo M,

The topological pressure can also be computed using a sum over the periodic
points, that is with partition function

m—1
Zn(0)= Y exp (Z @(ka))

xr:or=x k=0

13



replacing Z,(¢).
A measure p € M(X4,0) is called a Gibbs measure for ¢ if there exist
constants M > 0 and P such that

1 1(Cn)
M exp (—Pn + Zz;é go(a’%))

for every n, cylinder set C,,, and = € C,.

IN

< M,

Theorem (Bowen [Bow70]). Let (X4,0) be a mixing subshift of finite
type. Let ¢: ¥4 — R be continuous with Vi(p) < ca”, for some ¢ > 0
and a € (0,1). Then there exists a unique Gibbs measure p, € M(X4,0).
Moreover, the Gibbs measure i, is the unique equilibrium measure for ¢.

Countable Markov Shifts

The thermodynamic formalism for subshifts of finite type is useful since
many dynamical systems are topologically conjugate to a subshift of finite
type. However, many dynamical systems are not topologically conjugate
to a subshift of finite type and the results do not extend. There are dy-
namical systems which are conjugate to countable Markov shifts. Thus the
thermodynamic formalism for countable Markov shifts has been studied.

Let S be a countable set and let A = (a;;)sxs be the transition matrix.
Let M be the set

M:{x:xoxl...GSN:am =1 for all i > 0}.

Tit+1
Define the shift map o: M — M as (o0(x)); = zj+1. Assume that (M, o) is
topologically mixing.

Let ¢: M — R. The function ¢ has summable variations if the inequality
holds

> Vale) < oo
n=1

In [Sar99], summable variations has the sum beginning with n = 2; by
recoding the Markov shift, one can assume that the sum begins with n = 1.
If o: M — R has summable variations then the Gurevich pressure of ¢
is
(¢)= lim “log > (Z <’f<>>)1 (=)
Pg(p) = lim —log exp p(o"(x o (2),
nmee T:or=x k=0 “

where 1, is the indicator function on the cylinder set [a]; the limit exists
and is independent of a € S. The above definition of the Gurevich pressure
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was given in [Sar99]. The first pressure for countable Markov chains was
given in [GS98].

The following connection between the Gurevich pressure and the topo-
logical pressure holds.

Pg(p) = sup{Piop(ipy) : Y CM a topologically mixing finite Markov shift}
= sup{ Pop(¢|x) : K C M compact and T'K = K}.

The following variational principle holds for the Gurevich pressure.

Theorem (Sarig [Sar99]). Assume that (M, o) is a topologically mixing
countable Markov shift. Let ¢: M — R have summable variations and
assume sup ¢ < co. Then

Pg(cp):sup{hu(a)—#—/god,u:uEM(X,a) and —/cpdu<oo}.

Using a slight modification of the proof, one can show the variational
principle with the requirement that ¢ is integrable, without the requirement
that sup ¢ < oo.

A measure p € M(M, o) is called a Gibbs measure for ¢ if there exists
B > 0 and P such that

1 < 1(Cn)

< — <
B exp(—nP + 3752, fH(x))

for every n-cylinder set C,, and every = € C,.
The countable Markov shift M satisfies the BIP property if there are
bi,...,by € S such that for all a € S there exist 4, j such that tp,4te, = 1.

Theorem (Sarig [Sar99]). Let (M,o) be a topologically mixing count-
able Markov shift and let ¢ have summable variations and finite Gurevich
pressure, that is, Pg(p) < oco. Then a Holder continuous ¢ has an invariant
Gibbs measure if and only if M has the BIP property.

For subshifts of finite type, Gibbs and equilibrium measures coincide. In
the countable Markov shift case, Gibbs and equilibrium measures are not
guaranteed to be the same.

Theorem (Sarig [Sar99]). If u, is the Gibbs measure for Holder contin-
uous potential ¢ and hy,,(f) < oo, then p, is the also unique equilibrium
measure for .
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2.2.2 Nonadditive Sequences of Continuous Potentials

To study the dimension of Cantor-like sets with complicated geometric
structure, Barreira introduced the nonadditive thermodynamic formalism
[Bar96]. This is the study of the thermodynamic formalism of nonaddi-
tive sequences of potentials. A sequence ® = {¢, : X — R} is additive
if o(x) = 32075 w(f*z), otherwise @ is nonadditive. The thermodynamic
formalism for a single potential function is an additive thermodynamic for-
malism. (See Section [2.2.1])

The relation between dimension theory and thermodynamic formalism
was first illuminated by work of Bowen. He showed that the Hausdorff di-
mension of quasicircles is the unique root of the equation P(sy) = 0 [Bow79].
Bowen’s equation holds for more general situations. In every case, however,
the description of the set must be regular enough to be encoded by a single
function ¢. For more general constructions, one function ¢ will not code
the description of the set. Under more general requirements a sequence of
functions, ® = {¢,}72, can be used to describe a set. Barreira defined the
topological pressure for a sequence of functions ® under a mild condition.
Then he showed Bowen-type equations holds, which yield estimates on the
dimension of the sets coded by ® as the unique roots of P(s®) = 0, CP(s®),
and C'P(s®) [Bar96].

Let X be a compact metric space, and f: X — X a continuous map.
Consider a sequence of functions ® = {p, : X — R}>° . For every Z C X
define

M(Z,a,®,U) = lim ianeXp —am(U) + sup ¢opw)(®) |,
n—oo I Uer CCEX(Q) Y

where the infimum is taken over all ' C | J,.~.,, Wi (i) that cover Z. Similarly,
define -

M(Z,a,®,U) = hmmfmfZexp (—om—i— sup ¢n(z )) ,
n=oo Uer zeX(U)

M(Z, a,®,U) = hmsuplnfz exp (—om—l— sup  pn(x )) ,
n—00 Uer zeX(U)

where the infima are each taken over all ' C W, () that cover Z. In each
of M, M, and M, if X(U) = @, then set sup,¢ y () ¥n(r) = —00.

The general theory of Carathéodory dimension characteristics implies
that each of the three equations above jumps from +o0o to 0 at a unique
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critical value, which may be —ocoor + oco. Define the critical values of M,
M, and M as

Pz (®,U) =inf{a: M(Z,a,®,U) =0} = sup{a: M(Z, o, ®,U) = +o0},
CP,(®,U) =inf{a: M(Z,o,®,U) =0} =sup{a: M(Z,a,®,U) = +o0},
CPz(®,U) =inf{a: M(Z,a,®,U) =0} = sup{a :
Set Y (®,U) = Vi (¢p). Thus

n(®,U) = sup{lpn(z) —pn(y)| : 7,y € X(U), m(U) = n}.

Theorem (Barreira [Bar96]). Let ® be a sequence of functions satisfy-

M
M

ing

(@) (2.2.1)

lim limsup
diam(U)—0 n—oco

The following limits exist

Py(®)= lim Py(d,U),

diam(U)—0
CP,(®)= i CP,(d,U
7Z( ) diaml(rlxlll)ﬂoiz< ) )7
CPz(®)= 1 CPz(®,U).
Z( ) diaml(IZE{I)—@ Z( ’ )

The topological pressure of a sequence ® satisfying on any set
Z C X is given by Pz(®). The values CP,(®) and CPz(®) are the
lower and upper capacity pressure of ® on Z, respectively. The following
variational principle holds.

Theorem (Barreira [Bar96]). Assume that ® is a sequence of contin-
uous functions satisfying (2.2.1), and there exists a continuous function
¥: X — R such that

80n+1—90n0f—>¢

uniformly on Z as n — oo. Then
Pecey(®) = s { (1) + [ vz e Mz},

Subadditive Sequences of Potentials on Mixing Repellers

The first study of the nonadditive thermodynamic formalism was conducted
by Falconer [Fal88]. He was interested in thermodynamic formalism be-
cause of its relation to the study of multifractal formalism for nonconformal
dynamical systems.
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For a dynamical system (X, f), any subset Z C X is said to have multi-
fractal structure if there exists a decomposition of Z in the following sense.
Let h : X — R. Then let Z, = {z € Z : h(z) = a}, and Z be the set of
z € Z where h is undefined. The multifractal decomposition is

Z=2ZuU <LGJZQ>.

As the name implies, sets Z, are often fractals.

Before the work of Falconer, the thermodynamic formalism for frac-
tals, and in particular a Bowen’s equation for fractals, was shown only for
conformal maps. Repellers of conformal maps can be encoded by a single
function; thus their dimension can be studied. Mixing repellers of certain
nonconformal maps can be encoded by a subadditive sequence. A sequence
O = {p: X — R}, is subadditive if () < om(z)+@n(fx) for every
x € X. Falconer was interested in a Bowen-type equation for nonconformal
mixing repellers, and so gave a thermodynamic formalism for subadditive
sequences on mixing repellers.

Let f: R — R be a C'*¢ expanding map of a Riemannian manifold. Let
J C R be an f-invariant compact set. Such a J is called a mixing repeller
for f. A mixing repeller has a Markov partition, which allows one to define
a topological conjugacy between (J, f) and a mixing subshift of finite type
(X4,0).

Consider (X4, 0), where X4 is a mixing subshift of finite type with tran-
sition matrix A. Let ® = {¢, : ¥4 — R}>2 be a subadditive sequence of
functions. Assume that the following conditions hold:

1. a uniform bound: |(1/n)p,(x)| < M,
2. a Lipschitz condition: |(1/n)en(z) — (1/n)en(y)| < alz — y|, and

3. bounded variation: there exists a constant b independent of n such
that V,,(¢n) <.

The topological pressure of ® on X4 is

1
Py, (®) = lim — logZexp sup ¢n(z).

n—oo n
Cn CCECn

Set M = Uys, M(J, V).
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Theorem (Falconer [Fal88]). The following variational principle holds:

o1
Ps,,(®) =sup {hu(f) + lim /gon dp:p € M}
n—oo n
The variational principle for subadditive sequences is established using
the equality

and the fact that each Pyn 5, (¢n) has a variational principle.

Sequences of Potentials Generated by Iterated Function Systems
with Overlaps

Our main motivation for studying the thermodynamic formalism for almost-
additive sequences (Section and Chapter [3)) comes from the work of
Feng and Lau [FLO02, Fen04]. They created a thermodynamic formalism
for a specific nonadditive sequence of functions generated from the study
of iterated function systems with overlaps. The major contribution of Feng
and Lau was the construction of a unique Gibbs (and equilibrium) measure
for the sequence that they studied.

A family of contractive maps {S;}7L; on R? is an iterated function
system, or an IFS. An IFS generates an invariant compact subset K =
U;'n=1 S;K. If each image under S; has disjoint interior from the rest, then
the IFS is said to be without overlaps, otherwise it is said to be with overlap.

If a set of probability weights {a; };”:1 is associated to the system, then
there is an invariant measure on K given by

m
p=> ajuoS;t (2.2.2)
j=1

Such a measure is called self-similar. There has been much study into these
self-similar measures. For any set of weights there exists a unique self-
similar Borel regular probability measure px on the set K. The measure
pr is known to be either singular or absolutely continuous with respect to
the Lebesgue measure.

A similitude is a contraction map of the form f(z) = pz + b, where p
is the contraction rate. For two similitudes with the same contraction rate
p < %, the set K is a Cantor set. Thus the self-similar measure is singular.
For two similitudes with the same contraction rate p > %, the question of
whether the self-similar measure is singular or absolutely continuous has not
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been fully answered. One result for p > % gives a necessary condition for
singularity. A number s is a Pisot number if it is an algebraic integer and all
of its conjugates have modulus less than one; for example, the golden ratio
(v/5+1)/2 is a Pisot number. When p is the reciprocal of a Pisot number,
then the corresponding measure is singular.

Strichartz, Taylor, and Zhang [STZ95] give a method for overcoming the
difficulty of IFS with overlaps by “splitting” intervals which overlap into
intervals which do not. The splitting of the overlapping intervals produces
a splitting of the corresponding measure; the measure is split in proportion
to the length of the split subintervals. A new IFS without overlaps can be
generated which produces the same compact invariant set K, and the self-
similar measure associated with the split is exactly the self-similar measure of
the new IFS. The corresponding equation for the self-similar measure
of the new IFS is a set of matrix equations.

We offer an example to clarify the splitting procedure, the new IFS, and
the set of matrix equations. Consider the IFS on [0, 1] generated by the two
similitudes S;(x) = pz and Sa(x) = pz + (1 — p), where p = (v/5 —1)/2 and
weights on each map in the self-similar measure are a; = %, i=1,2. As
p > 1/2, the images S;1([0,1]) and S2([0, 1]) overlap. Consider the new IFS
generated by compositions of 51,55 given by the similitudes

To(x) =S151(z) = px,
Ti(z) =851528s(x) = 52511 (x) = p3x + p?,
To(z) =S8255(x) = p*z + p.
The images To([0,1]) = [07/)2]7 T ([0,1]) = [PQ,ﬂL and T5([0,1]) = [p, 1] are

intervals with disjoint interiors. The self-similar equation (2.2.2) gives three
matrix equations. For A C [0,1],

WToT;A) w(ToA)
/L(TlTZA) = Mz /,L(TlA) y 1= 0, 1, 2,
WT>T;A) w(TrA)
where
1 1
7 0 0 0 % 0 0 5 0
_ | 1 9 _ 1 _|lo 1 1
My=13%8 1 , My=10 7 0|, M= 1 8
0 1o 0 1 O 0 0 1

Thus the study of self-similar measures for IFS with overlaps becomes
the study of IFS without overlaps and with the self-similar equation ([2.2.2)
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a set of matrix equations. To study the multifractal formalism for such IF'S,
Feng and Lau created a thermodynamic formalism for a certain sequence of
potential functions involving matrices.

Consider (X 4, 0), where ¥ 4 is a mixing subshift of finite type with prim-
itive transition matrix A. Let M be a Holder continuous function on X4
taking values in the set of all positive d X d matrices. Define the multiplica-
tive norm ||[M|| = 1'M1, where 1 is the d x 1 vector of all ones. Consider
the sequence ® = {¢p,, : ¥4 — R}>°, where

pn(z) =log||M(z)... M (" (2))|

The topological pressure of ® on X4 is

1 n—
Py, () :nlin;oﬁlog Z Sug) [|M(X)M(ozx)... M(c" (z))]|.
Cr€Xg z&ln

The topological pressure has a corresponding variational principle.

Theorem (Feng [Fen04]). Assume that M is a continuous function tak-
ing values in the nonnegative matrices. Then

1
Ps, ,(®) = sup {h“(a) —i—nli_)rrgog /gpndu T E M(EA,U)} .

A measure pug € M(X4,0) is an equilibrium measure for @ if

1 1
hM(U)—i_nh_{go n/(pn due = sup {hu(a)—i—nli_)ngo n/cpn du : p € M(EA,J)} .

A measure v € M(X4,0) is a Gibbs measure for ® if there exist B, P such

that
1 < v(Cp)

B ~ exp(—nP + ¢n(z))
Theorem (Feng and Lau [FL02]). Assume that M is Holder continuous
and takes values in the positive matrices. Then there is a unique Gibbs

measure g € M(X4,0) for the sequence ®. Furthermore, the measure pg
is the unique equilibrium measure for ®.

2.3 New Results for Almost-Additive Sequences
of Continuous Potentials

The results on the thermodynamic formalism for almost-additive sequences
of continuous potentials can be found in [MumO6al.
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Feng and Lau developed a thermodynamic formalism for a sequence of
functions on a subshift of finite type in the context of multifractal formalism
associated to iterated function systems with overlaps ([FL02, [Fen04]). These
sequences of functions are not additive and fall into the category of almost-
additive sequences. Conditions are given under which the thermodynamic
formalism of Feng and Lau can be generalized to the class of almost-additive
sequences on an arbitrary compact metric space, with respect to a continuous
map f.

Let (X, p) be a compact metric space, f: X — X a continuous measure
preserving transformation on X, and ® = {p,: X — R}°°, a sequence of
continuous functions.

The sequence @ is called almost-additive if there exist two functions
c1,¢2: N — R such that for every m,n > 1, and x € X

1. ¢1(n) < ca(n),
2. there exist constants C, Cy such that C; < ¢1(n) and ca(n) < Cq, and

3. ci(n +m) + on() + om(f"(2)) < Pnim(2)
< @n(@) + om(f"(2)) + c2(n +m).

In Section 3.2 we examine some properties of almost-additive sequences.
We note that an almost-additive sequence may not be close to any additive
sequence (see Examples and in Section .

Several examples of almost-additive sequences are given in Section [3.6
The thermodynamic formalism of the example sequences has been studied
(see Ruelle [Rue78|, Sinai [Sin72], Bowen [Bow70], Barreira [Bar96|, Fal-
coner [Fal88], Feng and Lau [FL02|, [Fen04]). We compare these previous
results to our thermodynamic formalism.

Topological Pressure

Set,
Zp(®,Z,U) =inf » exp sup ¢,(z),
r Uzejr zeX (U)

where the infimum is taken over all I' € W, (i) covering Z.
The topological pressure of an almost-additive sequence ®, on a compact
f-invariant set Z C X, is given by

1
Py(®) = lim lim ~Z,(3,2Z,U).
diam(U)—0n—0o0 N
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If the almost-additive sequence of functions ® satisfies (2.2.1)), that is

o U
lim  limsup (P, U) =0,
diam(U)—0 n—oo
then the limits in the definition of the topological pressure exist. In Sec-
tion [3.3] the topological pressure for almost-additive sequences on compact
invariant sets is shown to be the nonadditive topological pressure.

Variational Principle

The variational principle is studied in Section 3.4 The sets Z under con-
sideration are compact and f-invariant; thus without loss of generality we
assume that X = Z and write P(®) = Pz(®). The following general esti-
mate of the topological pressure is obtained for any almost-additive sequence
of functions.

Theorem. Suppose that ® is an almost-additive sequence of functions
satisfying property (2.2.1). Then

P@) 2 sup {n,(9) + in © [ndnpe MDY

n

To obtain the inverse inequality, and in particular the variational prin-
ciple, the sequence of functions must satisfy an additional condition.

Theorem. Suppose that ® is an almost-additive sequence of functions
satisfying property (2.2.1)), and the functions c;(n) and co(n) satisfy

n—1 n—1

1 1
lim — — k)= lim — — k). 2.3.1
Jim 52 al =k = lin 25 -k (23.)

Then .
P(®) = sup{hu(f) +n1Lngon/¢ndu tp € M(X, f)}

Condition is a strong requirement on the sequence ®. It is sat-
isfied by some almost-additive sequences but not by the sequence studied
by Feng and Lau in [FL0O2] and [Fen04]. For these sequences we provide
another condition which guarantees the variational principle holds. This
second requirement is a Holder-type requirement and it guarantees that the
variational principle holds when the system is a subshift of finite type.
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Theorem. Suppose that (X4,0) is a mixing subshift of finite type and ®
is an almost-additive sequence satisfying (2.2.1]). Also, suppose that there
exists v such that for every n > 1 and z € X(U),

on(x) < sup pn(z) < v+ on(z). (2.3.2)
2€X(U)

Then

P(®) = sup {hu(a) + nh_g)lo % /gpn du:p € M(EA,U)} .

For an additive sequence, if ¢ is Holder continuous, then condition
holds. For almost-additive sequences, that are not additive, condi-
tion holds if there are positive constants b and « € (0,1) such that
(P, U) < ba™ for every n. We note that this last condition is satisfied by
sequences for which each ¢, is a-Holder continuous with common constant
C, as required for the sequences studied by Feng and Lau [FL02l [Fen04].

Remark. Recent work of Barreira [Bar06] implies that condition (2.3.1)
is not required for the variational principle to hold.

Equilibrium Measures

A measure pugp € M(X, f) is an equilibrium measure associated with @ if

n—oo n

b9+ 1 [ onaun =sup {m() + i % [iondus e mcxo ).

The existence and uniqueness of equilibrium measures is explored in
Section[3.5] The following result on existence of such measures holds without
requiring the topological pressure to exist.

Theorem. Suppose that f is an expansive homeomorphism of X. Then
for any almost-additive sequence of functions ® there exists an equilibrium
measure ug on X.

Corollary. Let ® be an almost-additive sequence satisfying (2.2.1) and
(2.3.1), and that f is an expansive homeomorphism of X. Then there exists
a measure pug on X such that

P(®) = hyy (f) + lim ~ / on . (2.3.3)

n—oo n
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Some authors define an equilibrium measure to be a measure pg satis-
fying .

A measure pp € M(X 4, f) on X4 is a Gibbs measure for ® if there exist
constants Ay, Ao > 0 such that

1(Cn)
exp(—nP(®) + pn(x))

for any n > 0,C, C ¥4 and x € C,.

In Section the following results on existence and uniqueness of Gibbs
and equilibrium measures for a mixing subshift of finite type (X4,0) are
obtained.

A1§ §A2

Theorem. Suppose that @ is an almost-additive sequences of functions on
a mixing subshift of finite type (X4, 0) satisfying (2.2.1) and (2.3.2)). Then
there exists a unique Gibbs measure ug on X. Moreover, the measure ug is
the unique equilibrium measure for ®.

An Axiom A diffeomorphism f: X — X is expansive on its hyperbolic
set. Thus there exists at least one equilibrium measure for an almost-
additive sequence ®. The following uniqueness theorem is shown in Sec-
tion 3.5

Theorem. Suppose that € is a basic set for an Axiom A diffeomorphism
f and @ is an almost-additive sequence of functions satisfying conditions
(2.2.1) and (2.3.2)). Then there exists a unique equilibrium measure ug for
® on €.

In the course of proving the above theorem, the variational principle
for Axiom A diffeomorphisms is established without requiring ® to satisfy
(2.3.1).

Theorem. Suppose that € is a basic set for an Axiom A diffeomorphism f
and ® an almost-additive sequence of functions satisfying conditions (2.2.1))

and (2.3.2). Then

n

Po(®) = sup {hu(a) + lim L /wndu tpE M(Q,f)} :

2.4 New Results for Discontinuous Potentials

The results on the thermodynamic formalism for discontinuous potentials
can be found in [MumO6b)].
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For nonuniformly hyperbolic systems (systems with nonzero Lyapunov
exponents) it is natural to consider potentials which are discontinuous. For
example, the potential ¢(r) = —log Jac(df|gu) is measurable but not con-
tinuous for many nonuniformly hyperbolic dynamical systems, such as uni-
modal maps, Hénon maps, and the time-one map of geodesic flows on non-
positively curved manifolds.

Many important classes of nonuniformly hyperbolic systems have a nat-
ural family of sets {A;};>1, called the regular sets, such that the potential
¢(x) = —log Jac(df|gx) is continuous on the closure of each A;, but not on
A =J;>1 Ai. Such a family of subsets is required for the topological pressure
for discontinuous potentials.

Let (X, p) be a compact metric space, and f: X — X a continuous map.
Consider an f-invariant subset A C X possessing a nested family of subsets
{A;}1>1 which exhaust A, that is, Ay C Ay forevery I > 1and A = (J;» Ay
Neither the A nor the A; are required to be compact; the A; are not required
to be f-invariant.

Consider a measurable potential ¢p: X — R. The potential ¢ is con-
tinuous with respect to the family of subsets {A;} if ¢ is continuous on the
closure of each A;. The potential function ¢ is not (necessarily) continuous
on A. The topological pressure of ¢ on A is

PA(QO) = Sup PAL(So)a
>1
where Py, () is the topological pressure of ¢ on A; (see Section .
The topological pressure does not depend on the choice of the family of
sets {A;} (see Section for details). Other properties of the topological
pressure are given in Section [£:3]

Variational Principle

When the potential is not required to be continuous the set of measures
considered must change; it must depend on the potential ¢. We consider
the supremum over f-invariant Borel probability measures p such that ¢ is
integrable with respect to u. As the set A is not compact, the set of points
considered in the variational principle must also change to depend on .

Set My (A, f) be the set of Borel f-invariant ergodic probability mea-
sures on A so that ¢ is integrable with respect to u. Let

E(A7()0> = {x €A V(.’L’)ﬂM@(A,f) 7é ®}7

which is Borel and f-invariant.
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The following variational principle for discontinuous potentials is estab-
lished in Section 4.2

Theorem. Assume that f-invariant A C X has a nested family of subsets
{A;};>1 which exhaust A. Let ¢: X — R be continuous with respect to the
family {A;};>1. Assume L(A, ) # @. Then

Priag)(p) = sup{hu(f) +/A<pdu € My (A, f)}~

Properties of the variational principle are given in Section
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Chapter 3

Almost-Additive Sequences
of Continuous Potentials

In this chapter, we give a thermodynamic formalism for almost-additive se-
quences of potentials. The results in this chapter on the thermodynamic for-
malism for almost-additive sequences of continuous potentials can be found
in [MumO6a)].

3.1 Introduction

Let (X, p) be a compact metric space, f: X — X a continuous measure
preserving transformation on X, and ® = {p, : X — R}>2, a sequence of
continuous functions.

Definition 3.1.1. The sequence @ is almost-additive if there exist func-
tions c1,c2 : N — R such that for every m,n > 1, and x € X

1. c1(n) < ca(n),
2. there exist constants C1, Cy such that Cy < ¢1(n) and ca(n) < Cy, and

3. ci(n+m) + ¢n(r) + em(f"(2) < Pnpm()
< @n () + @m(f"(2)) + c2(n +m).

Several properties of almost-additive sequences are stated in Section [3.2]
In Section the topological pressure of an almost-additive sequence on a
compact f-invariant set is given. Conditions which guarantee a variational
principle corresponding to the topological pressure of an almost-additive se-
quence are given in Section Equilibrium measures for almost-additive
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sequences are defined in Section |3.5|and conditions for existence and unique-
ness of equilibrium measures are given. Several examples of almost-additive
sequences are shown in Section [3.6] and results are compared.

3.2 Properties of Almost-Additive Sequences

Let ® be an almost-additive sequence of potentials. If ca(n) is 0 for every
n, then ® is a subadditive sequence. If in addition, ¢;(n) is 0 for all n, then
the almost-additive sequence of functions is additive.

Lemma 3.2.1. Let ® be an almost-additive sequence of functions. Then
the limit lim, o n/n exists almost everywhere; it is possibly —oo or co.

Proof. The sequence (¢, +C5)/n is subadditive since for every m,n we have

Pmtn(®) + C2 < (om(x) + C2) + (on(f™(2)) + Co).-

By the subadditive ergodic theorem (see [Wal82]), lim,, o (¢n+C2) /1 exists
almost everywhere. As we have

lim 20— P20 gy ot Oy on
n—oo mn n—oo n n—oo n n—oo N
the result is shown. O

The two lemmas below follow from Definition part [3| and the sub-
additive ergodic theorem.

Lemma 3.2.2. Let ® be an almost-additive sequence of functions. Then
[n dp is an almost-additive sequence of numbers, i.e. for a, = [y, du we
have that

ci(n+m) + an + am < apaem < ap + am + ca(n +m).

In particular, lim, .o ( [¢n du)/n exists.

Lemma 3.2.3. Let ® be an almost-additive sequence of functions. Then
for a fixed m > 0, the sequence

n—1 o0
k=0 n=0
is additive.
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3.3 Topological Pressure

Set

Zn(Z,®,U) = inf Z exp sup ¢p(z), (3.3.1)
r Uer reX(U)

where the infimum is taken over all I' C W,,(U) covering Z.

Definition 3.3.1. Assume that the almost-additive sequence of functions

® satisfies b U
lim limsup 1n(2,U) =0, (3.3.2)
n

diam(U)—0 n—oco

The topological pressure of an almost-additive sequence ®, on a compact
f-invariant set Z C X, is given by

1
Py(®)= lim lim —Zn(Z,®,U).
diam(U)—0n—0o0 N

When necessary, we write Py z(®) for the topological pressure of ® on Z
with respect to the function f.

The following theorem shows that Definition is the same as the
nonadditive topological pressure for an almost-additive sequence satisfying

(3.3.2)) on a compact f-invariant set.

Theorem 3.3.2. Let ® be an almost-additive sequence of functions satis-
fying (3.3.2) and let Z C X be f-invariant. The following hold:

1. CPz(®) = CP,(®)=CPz(®) =

1
im  lim —log Z,(®, Z,U).

diam(U)—0n—oo N
2. If in addition Z is compact, then Pz(®) = CPz(®).
Proof. Given sets I'y, C Wy, (U) and Iy, C W, (U), define the set
Pm,n = {ﬂ U € sz € Fn} C Wm—i—n(u)

Since Z is f-invariant, if the two collections I'y,, and I';, cover Z, then their
concatenation I'y, , also covers Z. As ® is almost-additive,

SUp  @min(z) < sup p(x) + sup gn(x) + Co,
zeX(UY) zeX(U) zeX (V)
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for every UV € Iy, . Thus
Zinon(®,U) < (exp Cs) Zun (®,U) Zin (@, 1),

As U is a finite cover,

ing 08 Zn(®U)
n>1 n
Almost-additivity implies that the limit of log Z,,(®,U)/n as n goes to in-
finity exists and is finite.
Thus, as a result of Theorem 2.2 in [Pes97] and Theorem

CP,(®) = TP4(®) = lim ~log Z,(Z,8,U).
n—oo n

For an almost-additive sequence of functions, we have ¢, < @pp41+K,
where K = sup,cy |¢1(x)] + max{|Ci|,|Ca|} + 1. Let I' C U,,~; Wn(Uf) be
a cover of Z. As Z is compact, we can assume that I" is finite. Thus there
exists an M such that I' C U, <, Wn(U).

Set T = {U,---U, : U, €T} for each n > 1. As Z is f-invariant and T
covers Z, for all n the collection I'"™ covers Z. Since ® is almost-additive,

n

sup Pm cdm x) < sup () + (n—1)Cs.
N w,) () ;:DEX(U) w)(x) +(n—1)

Set

N(T) =) exp (—am(U) + sup wm(u)(w)> :
Uel zeX(U)
We have that N(I'™) < [(exp C2)N(T')]™.
If @ = Pz(®,U) then there exists anm > 1 and a cover I' C U5, Wa(U)
of Z such that (exp Co)N(I') < 1. Set I'** = {U : U € I'" for some n}. Then

o0

N(T>®)=> N({I") < co.
n=1

As T covers Z, for any N > 1 and x € Z there exists U € I'*° such that
x€ X(U)and N <m(U) <N+ M. Let I'* € Wx(U) be the collection of
strings U* that consist of the first N elements of some string U € I'*°. The
following hold:

SUP @y () < SUP ©iu) + KM
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and
N(I™) < N(I'*°) max{1, exp(aM)} exp(K M).

Thus M(Z,a,®,U) < oo, which implies that o > CPz(®,U). Thus
Pz(®,U) > CPz(®,U).
Then using part [I] above, the result is shown. O

Let (X 4,0) be a subshift of finite type. Let Z C ¥ 4 be any subset. For
every mn there is a unique cover of Z by n-cylinders. The equations Z,, and
Zn+i—1 (Equation (3.3.1))) satisfy the following inequality:

PN exp sup pu(@) < D exp sup pu(e) <

Uely,, XU ver,  *€X()
> exp sup ().
Uel'iyn—1 z€X(U)

For an almost-additive sequence satisfying (3.3.2)) this implies that
PZ(q)aul) = PZ(q)aul)‘
Thus

1
Pz (®) = lim Pz(®,U;) = Pz(®,U;) = lim —log g exp sup ¢n(z).

We conclude that an almost-additive sequence satisfying (3.3.2)) on a subshift
of finite type the topological pressure can be computed as follows.

Definition 3.3.3. Let (X4, 0) be a subshift of finite type, and let
¢ = {‘Pn: Ya— R}ZO:1

be an almost-additive sequence satisfying (3.3.2]). The topological pressure
of ® on compact f-invariant set Z C 34 is

1
Py(®) = lim —Z,(Z,®,U).

n—oo N
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3.4 Variational Principle

For the rest of Chapter (3| we will be considering Z, a compact f-invariant
subset of X; thus without loss of generality assume that X = Z, and write
P(®) = Py(®).

Theorem 3.4.1. Suppose that ® is an almost-additive sequence of func-
tions satisfying property (3.3.2]). Then

P(®) > sup{h#(f) —i—nli_)rrolol/gondu D€ M(X, f)}

n

The proof of the inequality follows the line of argument in Bowen [Bow70]
(see also [Pes97]). Only necessary modifications for the almost-additive case
are indicated.

Let I' € W, (U) be a cover of X. For A > 0 denote

Z(T,\) = Z Aexp sup ().
Uer zeX(U)

Fixm>1landlet ™ ={U,...U,, : U, €T'}.
Lemma 3.4.2. m

Z(I™,\) < “exp(b)Z(F,Aﬂ . (3.4.1)
Proof. Almost-additivity implies

sup Omn(x) < sup op(z) +---+ sup op(x) + (m—1)Cs.
zeX(U,..U,,) X(U,) XU,

m

Hence

Z A™exp  sup  mp() <

exp |(m — 1)(C2)|

Z [)\"exp sup wn(x)]...[/\"exp sup  @n(r)

U,..U, erm veX(Uy) zeX(U,,)

m

< [(expCy) | D A'exp sup pn(z) : O
Uerl zeX(U)

Lemma 3.4.3. lim, o (log Z,m(P,U))/n < mP(P,U).
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Proof. Beginning with Inequality (3.4.1]) of Lemma

1 1
lim —log inf Z(I",1)<m lim — [log inf Z(T',1)+ Co
n—oon - LeEWn(U) n—oo reW, )

=m P(®,U) O
Lemma 3.4.4. For any fixed m > 1 we have Cy + Ppm (S, @) < mPs(P).

Proof. Let V = UV ---V f~™FY. Then W, (V) and W,,,() are in one-
to-one correspondence. Namely, for U =U;,...U;,,, , let V.=V, ...V, |
where V;, = U;,, N---N fmHY; Then

km km+m—1"°

X,(U) = Xpm (1), (3.4.2)
since
{reX: ffeUpk=0,....mn—1}={zeX: f""cV;,k=0,...,n—1}.

By almost-additivity and equality (3.4.2)),

n—1
sup > o (f™ (@) + (n=1)C1 < sup (),
reX (V) 1= 2eX(U)

which implies that

1
Ci+ P (Sn®,V) < lim —log  inf exp Sup ©Omn-
f ( m ) n—oo MN FEWmn(Z/{)UXG; zeX (V) m

The desired result follows from Lemma [3.4.3] O

By a simple calculation, the following lemma may be verified.

Lemma 3.4.5. Let A > 0. Suppose that (expC3)Z(I',\) < 1 for some T’
covering X. Then A\ < exp(—P(®,U)).

The proof of Theorem [3.4.1] uses the following three lemmas.

Lemma 3.4.6 (Bowen [Bow70]). Let real numbers aj, as,...,a, be
given. Then the quantity

n

n
F(py,...pn) =Y _ —pilogpi + Y pia;

i=1 i=1

has maximum value log " | exp a; for (p1,...pn) with p; > 0 and p1+---+
pn = 1, and the maximum is assumed only at p; = e% (3.1 %)L
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Set H,(E) to be the entropy of p with respect to the partition £, and
H,(€|D) as the conditional entropy of the partition £ with respect to the
partition D.

Lemma 3.4.7 (Bowen [Bow70]). Let X be a compact metric space,
pwe M(X, f),e>0,and & a finite Borel partition. There is a 6 > 0 so that
H,(€]D) < € whenever D is a partition with diameter less than 0.

Lemma 3.4.8 (Bowen [Bow70]). Let A be a finite open cover of X. For
each n > 0 there is a Borel partition D(n) of X so that

1. D € D(n) lies inside some member of 7% A for each k = 0,...,n — 1.

2. At most n|A| sets in D(n) can have a point in all their closures.

Lemma 3.4.9. Suppose D is a Borel partition of X such that each z € X
is in the closure of at most M members of D. Then
1
hu(f, D)+ lim — /gpn dp < P(®) + log M.
n—oo n

Proof. Let U be a finite open cover of X each member of which intersects at
most M members of D. For each B € D,,, = DV ---V f ™D, pick xp with
Jpemdp < p(B)em(zp). Now, using properties of entropy (see for example
Katok and Hasselblatt [KH95]), and Lemma we have

1 1
h,(f, D) +nllrﬁloﬁ /sondu < (HM(Dm) + /somdu+ Cz>

< % ( > u(B)(~log u(B) + em(zp)) +02)

BEDy,
1 Cs
< —1 —. 4.
< —log Z exp pm(xp) + p (3.4.3)
BEDy,
Fix K > 0. Let I'),, C W,,,(U) be a cover of X so that
exp sup ¢m(r) < K+ inf exp sup ¢m(z). (3.4.4)
Ugr:m rex@) FeWm(u)UZe:F reX@)
For each zp pick U € Ty, with zp € X(Ug). This map B — T, is

at most M™ to one. As i (zp) < Sup,ex(w,) $m(®), and by inequalities
(3.4.3) and (3.4.4)),

1 1 C
hu(f, D) + lim /sondué —log Y M™exp sup @m(z) + —
n—oo N m vern, zeX(U) m
1 Co logK
<log M + — log Zpm(®,U) + —2 + e
m m
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Let m — oo and then diam(i/) — 0 to obtain the desired inequality. O

Proof of Theorem[3.4.1]. Let £ be a Borel partition and € > 0. By using the
conclusion of Lemma there exists a finite open cover A of X so that
H,(€]D) < e whenever D is a partition every member of which is contained
in some member of A.

Fix n > 0. Let &, = &V ---V f7""& and D(n) be as in Lemma
Then by Lemma [3.4.9]

1 1 1
Y () i R
h(f ) + lim — /som du < — (hu(f yEn) + lim — /cbm,f du>
1 . 1
= (w D)+ fim - [ du) n
1
—H, (€,|D(n))
1 1
< (Ppe(52®) +lognl A) + - Hy(&:[D(n).

We have H,,(£,|D(n)) < Y720 H,(f~*D|D(n)). For each k, D(n) refines
A, and one has H,(f~*&|D(n)) < € (since p is f-invariant, f~*.A bears
the same relation to f~*& as A to &). Hence, using Le]rnmam7

+

n

1 | C
h(f,€) + Tim /wmdMSPf@HOgZWH =,

oo m
Letting n — oo and then ¢ — 0 shows the desired inequality. O

Theorem 3.4.10. Suppose that ® is an almost-additive sequence of func-
tions satisfying property (3.3.2]), and the functions ¢1(n) and ca(n) satisfy

n—1 n—1
1 1
lim — E ci(n—k)= lim — E ca(n — k). (3.4.5)
Then

P(®) = sup {hu(f) +nliggol /sondu i€ M(X, f)} :

n

We show that for an almost-additive sequence ® satisfying conditions
(3.3.2) and (3.4.5)

P@) < sup {9+ i 3 [oudipe MDY

n

The following lemmas are needed in the proof of the inequality.
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Lemma 3.4.11 (Bowen [Bow70]). Fix a finite set £ and h > 0. Let
R(k,h) = {QG EF: H(a) < h}.

Then lim supy_o, 7 log |R(k, h)| < h.

Lemma 3.4.12. Let z € X, p € V(x). Fix 6 > 0, and € > 0. Then there
exists m, N € N for which one can find a string U € Wy (U) satisfying the
following;:

1. z € X(U),
2. U contains a substring of length km > N — m which, when viewed as
a=ao,...,a5_1 € (U™, satisfies L H(a) < h,(f) + 6, and
3. sup,ex () PN () < on () + 8 (P, U)
<N (limp—oo 5y [@ndp + 3€) + v (@, U).

Proof. Parts and can be found in Bowen [Bow70]. Let N be large
enough so that

1
‘N N dp — hm /(pndu’ <e¢ and

6z,n (1) — /@1 du‘ <e.

Thus

1 1
N (@) —ggrgon/wndu' <

1 1 1 1
— N — — tim = <
’NSON(fU) N/@Ndﬂ“F’N/SOndN nlggon/sondu'_
N-1
S o (5 @)~ [erau|+
N Y1 P1ap
k=0
| V-1 1 N-1
N co (N — 1 ( )|+ €< B(N) + 2,
k=0 NS
where
n—1

1 n—1
D exln—k) = 2> el
k=0 k=0
As (3.4.5) is satisfied we have for N large enough that B(N) < €, and the
result is shown. O

S|
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Proof of Theorem |3.4.10, Let U be a finite open cover of X and € > 0.
Cover X with countably many sets X,,, where each X, is the set of points
for which Lemma [3.4.12 holds with this m and some p € V(z).

Choose an e-dense set u1,...,u, in the closed interval
{7 H lim gon/nH , || lim gpn/nH ] .
n—00 0o lIm—oo 0o

Cover each X,,, with the sets Y;,,(u;), where each Y, (u;) is the set of z € X,
for which Lemma holds for this m and some measure p € V(x) with
limy, oo ([Ondi)/n € [u; — €, u; + €.

Next, cover each Y, (u) by I'y,,, and show that (exp C2)Z(I'y, 4, A) can
be made as small as desired. By taking the unions of such I',, , a cover I
of X is obtained with (expC2)Z (T, \) < 1.

Let S(N) be the number of all possible strings U satisfying Lemma
for some z € Y, (u). By Lemma (), and Lemma

S(IN) < U™ [{¥ e @y HY) < mh(f) + )}
< exp [NV (hu(f) + )]

for all sufficiently large N.

For every integer Ny, the strings satisfying Lemma for some
z € Yp(u) and N > Ny, cover the set Y, (u). Let I'y,,, be the collec-
tion of U showing up in the present situation for some sufficiently large
N > Nj fixed. One can show

(e 9]

Z(Cmas A) < > ANS(N) exp [N ( lim / On du + 36) +7N(c1>,u>]

n—oo N
N=Np

> 1 (P, U
< Z AN exp [N <nli_>ﬂgon/<,0ndp+hu(f)+4e+ lim M)}

n— oo n
N=Ny

< iﬂ]\/: /8NO

N=NO 1-5

where

n—00 n

n(P,
B = Nexp <c+ de + lim M) <1 (3.4.6)
and

¢ = sup (hu(f)+ lim Tll/cpnd,u>.

n—00
I
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From equation (3.4.6)) we see that for

n—oo n

n (P,
A < exp— <c+4e+ lim M),

any Yo, (u) can be covered by I'y,y C U509 Win(U) with (exp c2)Z (L, A)
as small as desired. Taking the unions of such I';,,, we obtain a I' covering
X with (expe2)Z(I', A) < 1. By Lemma A < exp(—P(®,U)), meaning

n(P,
P@,U) < ¢+ 4e + Tim 22 TY).

n—oo n

The result is shown by letting € — 0 and diam(i/) — 0. O

The following theorem will be shown after the existence and uniqueness
of Gibbs (and equilibrium) measures is shown for mixing subshifts of finite

type.

Theorem 3.4.13. Suppose that (X4, 0) is a mixing subshift of finite type
and ® an almost-additive sequence satisfying (3.3.2)). Also, suppose that
there exists 7 such that for every n > 1, x € X (U),

on(z) < sup @u(x) <7+ @a().
zeX(U)

Then

1
P(®) = sup {hu(a) + lim - /gpn dup : p € M(EA,U)} )

The following corollary will be shown.

Corollary 3.4.14. Suppose that ® is an almost-additive sequence satis-
fying (3.3.2) and (3.4.5)), and that f is an expansive homeomorphism of X.
Then there exists a measure pug on X such that

P(®) = by (1) + Jim [ oudl. (3.4.7)

n

3.5 Equilibrium Measures

Definition 3.5.1. Let ® be an almost-additive sequence of continuous
potentials. A measure ugp € M(X, f) is an equilibrium measure associated
with & if

b9+ 1 % [ asa =sup {n()+ i % [inds e mcxn).

n n
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Theorem 3.5.2. Suppose that f is an expansive homeomorphism of X.
Then for any almost-additive sequence of functions ® there exists an equi-
librium measure pug on X.

Proof. We show that the function
o () + Jim & [ uds

is upper semicontinuous. Then use the fact that an upper semicontinuous
function achieve its supremum on a compact set.

The map p +— hy,(f) is known to be upper semicontinuous for an expan-
sive homeomorphism, see for example Bowen [Bow70).

As a consequence of almost-additivity for the sequence [¢,du we have

1 1 1
— |:/§0md,u+01:| < lim /tpndué UsomdquCz]
m n—oo n m

for any m > 1 and any measure p € M(X, f). Let ux € M(X, f) converge
to p in the weak-* topology. We have for any measure v € M (X, f)

(hm 1/%dy) _1/%@\ _ suwp{|C1, [Cal}
n—oo n m m

1 1
lim lim /gon dup = lim /gpn du,

k—oon—oo n n

Thus

which shows that the map p +— (hy(f) + limp—oo = [ndp) is upper semi-
continuous. O

Corollary is immediate from Theorem and Theorem [3.5.2

3.5.1 Subshifts of Finite Type

Definition 3.5.3. A measure yu € M(Xy4, f) on X4 is a Gibbs measure for
® if there exist constants A, A > 0 such that

1(Cn)
Avs exp(—nP(®) + ¢, (x)) < A2 (3.5.1)

for any n > 0,C, C ¥4 and x € C,.

40



Theorem 3.5.4. Suppose that ® is an almost-additive sequences of func-
tions on a mixing subshift of finite type (X4, 0) satisfying (3.3.2)) and

on(x) < sup op(z) < v+ on(x). (3.5.2)
zeX(U)
Then there exists a unique Gibbs measure ug on X. Moreover, the measure
e is the unique equilibrium measure for @.

As the system is mixing there is an integer p > 0 such that AP > 0.
This implies that for any cylinders C,, C X4 and J; C X4, there exists a
p-cylinder K, C ¥4 such that C, K,J; C ¥ 4.

We use the notation A ~ B to mean that there exist constants Di, Do
so that D1A < B < Dy A.

The following lemma can be shown through a series of computations that
follow the work of Feng and Lau [FL02| [Fen04].

Lemma 3.5.5. . .y Sup,cc, eXp @n(z) = exp(nP(®P)).

For each integer n > 0 let B,, be the o-algebra generated by the cylinders
Cn C ¥ 4. Define a sequence of probability measures {v, ¢} on B, by

SUpgec, €XP ¢n(T)

" " chczA SUPgzec,, €XP SOn(H?)’

VCn C Ya.

There exists a subsequence {v,, o} that converges in the weak-+ topology
to a probability measure vg.

Lemma 3.5.6. Foralln >0, C, € X4,

sucp exp pn(z) exp(—nP(P)) ~ ve(Cy).
Tre n

Lemma 3.5.7. There is a unique g-invariant, ergodic Gibbs measure ug
on 4.

Proof. Let ug be a limit point of a subsequence of

1
{ (Vq>+V<1>00_1+--~+Vq>00_(m_1))}
m

in the weak-* topology. By definition g is a o-invariant probability measure
on 4. For each C, C ¥4 and I > p we have that ¢*(C,,) is the union of all
cylinders D;C,, C ¥ 4. Thus for every [ > p we have

ve 00 (Cp) = sup exp @n(z) exp(—nP(®)).
zECH,
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Sum over all C,, C ¥4, and divide by m. Taking the limit as m goes to

infinity yields that ue satisfies equation (3.5.1).
Given any C, and D; C ¥4 and any i > n + 2p,

o (Ca o™ (D) 2 Cpra(Cu)pia (D),

for some C' > 0. As any Borel set can be approximated within € by a finite
disjoint union of cylinder sets, the above inequality holds for all Borel sets.
Thus for any pue positive measure Borel sets A, B C ¥ there exists n > 0
such that pe(A(o™™(B)) > 0. Hence ug is ergodic.

Any two distinct ergodic measures must be singular, but property
shows that they must be absolutely continuous to each other. Thus the
measure (g is unique. O

Lemma 3.5.8. The Gibbs measure ug is an equilibrium measure for .

Proof. Since ug satisfies equation (3.5.1)), for each n € N,C, C ¥4, and
x € Cp, we have log A} < nP(®) + log ua(Cr) — on(x) < log As. Integrate
over x € Cy,, sum over all C,, C ¥ 4, and divide by n to get
log A 1 1 log A
B < P@)+— Y palCo)logus(Cr) — /sonduq> < 282
= n n

n

Let n go to infinity and combine with Theorem to obtain the result. [

During the proof of the previous lemma the variational principle for
subshifts of finite type was shown without requiring (3.4.5)), which proves
Theorem [3.4.13]

Lemma 3.5.9. The Gibbs measure pg is the unique equilibrium measure.
The following two lemmas are used.

Lemma 3.5.10 (Bowen [Bow70]). Let X be a compact metric space,
g a measure in M(X, f), and D = {Dy,...,D,} a Borel partition of X.
Suppose {F, }oo_; is a sequence of partitions so that

diam(F,,) = max diam(F) — 0
FeFm

as m — oo. Then there is a sequence of partitions E,, = {E]",...,E"} so
that

1. Each E!™ is a union of members of Fp,,
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2. limy,—oo p(E"AD;) = 0 for each i.

Lemma 3.5.11 (Bowen [Bow?70]). Suppose 0 < p;,...,pm < 1, with
s=p1+--+pn<1landay,...,a, €R. Then

sz a; — log p;) <slogZe“L log s).

=1

Proof of Lemma([3.5.9. Let v € M(X4,0) be a second equilibrium measure,
Le., P(®) = hy(0) + limp, . [ dv.

First suppose that v is singular with respect to the Gibbs measure pg.
Then there is a Borel set B with ¢(B) = B, pus(B) = 0, and v(B) = 1.
Let Fpp = o211y v .- vU. Then diam(F,,) — 0 as m — oo. Applying
Lemma to the partition {B,X \ B} one finds sets E™ which are
unions of elements of F,,, and satisfy (¢ + v)(BAE™) — 0. As p+ v is
o-invariant and o~ "*tZ(B) = B, one has (u + V)(BAG“") — 0, where
G™ = ¢~ HZIE™ is a union of members of =™ V.- V. For every €
there exists an m large enough so that

1
SE (HV(U\/ SV oY) —i—/(pmdu) + €

In other words we have that

mP(®) < > {—V(B) logv(B) + /B gomdyl

Beuv---vo—m+iy

P(®) =hy,(0) + lim 1/<pndu

As ¢y, is continuous there exists a d so that for each B one can find zp € B
with @, (2) < pm(xzp) +d on B. Thus the following equation holds:

<d+e+z )(om(z5) —logv(B))

One can show that

mP(®) <d+e+ Y v(B)(pm(rp) —logr(B))+
BeG™
> v(B)pm(p) ~logr(B)).
Bex\Gm
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Applying Lemma [3.5.11] gives

mP(®) —d < v(G™)log Z exp pm(xp)+
BeG™

v(X\G™) Z exp pm(zp) + 2K,
Bex\Gm

where K = supg<,<;(—slogs). Using the fact that pug is a Gibbs measure,
we have that

—2K —d—e <v(G™)log Z exp(om(xp) — mP)+
BeG™
v(X\ G") exp(pm(zp) — mP(®))
<v(@™)log Y A'ua(B)+v(X\G™)log Y A7'na(B)
BeGm™ BeX\G™
<log A7 + v(G™)log g (G™) + v(X \ G™) log (X \ G™).

Letting € — 0, we have m — oo, v(G™) — 1, and u(G™) — 0, which leads
to a contradiction with the above inequality.

In general, for v/ € M (X4, 0), write v/ = Bv+ (1— )1/, where 8 € [0,1],
v € M(X4,0) is singular with respect to pug and ' € M (X 4, 0) is absolutely
continuous with respect to ue. As v and i are supported on disjoint sets,

1
hy (o) + lim /gon dv'

n—oo N

1 1
=0 <h,,(a) + lim /(pn dl/> +(1-75) <h#(a) + lim — /cpn du) .
n—oo n n—oo n
Suppose that ¢/ is an equilibrium measure for ®. As ug is ergodic, it must be
that 5 =0 or = 1. Above we showed that h, (o) + lim,_ % Jondv is not
equal to the topological pressure P(®). Thus v/ = p/ and write v/ = j% .

. . / .
As V' and pg are o-invariant, C%I) must be a constant. Since both measures
are probability measures, they are equal. O

3.5.2 Axiom A Diffeomorphisms

Theorem 3.5.12. Suppose that € is a basic set for an Axiom A diffeomor-
phism f and ® an almost-additive sequence of functions satisfying conditions
(3.3.2) and (3.5.2)). Then there exists a unique equilibrium measure pg for @.

In the course of proving Theorem [3.5.12] the variational principle will
be established without requiring ® to satisfy (3.4.5)).
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Corollary 3.5.13. Suppose that 2 is a basic set for an Axiom A dif-
feomorphism f and ® an almost-additive sequence of functions satisfying
conditions (3.3.2)) and (3.5.2). Then

P(®) = sup{hu(a) +nlingoi/cpn dp = pe M(X, f)}

The existence of a unique equilibrium measure for Axiom A systems is
shown using a conjugacy with a mixing subshift of finite type.

Lemma 3.5.14. Let m: ¥4 — X be continuous and surjecative such that
moo = fom. Then Py(®om) > Pp(P).

Proof. Let U be an open cover of X, and s € 4. If s € 7~ 1(X(U)), then
s € X(U). Therefore, for fixed n > 1,

sup @n(r) = sup  ppom(y).
zeX(U) yer—1X(U)

Thus Ps(®,U) = P,(® o7, m~'U). We have that
P,(®om, 7 U) < P (®or)+ Vi(®omn U).

Letting diam(U) — 0 gives that V;(® o 7,7~ '124) — 0. Thus the result is
shown. O

Proof of Theorem[3.5.13. Let U be a Markov partition of the basic set
with diam(U/) < €, A the transition matrix for U, and 7: ¥4 — Q. As in
Bowen [Bow70], 7 is one-to-one except on a set of measure zero.

First assume that fq is mixing. Then oy, is mixing and there exists an
equilibrium measure pgor. Let pe = m¥ugor, thus for every measurable set £
we have e (E) = pigor (71 E). Then g is f-invariant. The measure spaces
(X4, 0, paor) and (X, f, ue) are conjugate, since 7 is one-to-one except on
a set of (ug o m)-measure zero. In particular, hy, (f) = hy,,.(0) and so by

Lemma B.5.14

.1 o1
Py(®) > hyug(f) + lim /gpn dpue = hyg,, (o) + lim /(cpno7'r) dlgor

n—oo n n—oo N

= P,(®om) > Ps(P).

Hence P,(® om) = Pr(®) and pg is an equilibrium state for ®.
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If fio is not mixing, then we use the spectral decomposition to show
that there exists a bijection between M (), f) and M (X5, f™). Thus for the
entropy we have h,(f™) = mh,(f) and for the integrals we have

' 1 m—1 o ' 1
lim — E wpo fidy =m lim — [ p,dpu.
n—oo n 0 n—oo N

Maximizing Ay (f™) + limp—oo = [ Z;":_Ol ©n o fEdy is equivalent to maxi-
mizing A, (f) + limp, oo % [ondp . For ® Holder on €2, S, ® will be Holder
on X and therefore the result is shown since X7 is a mixing basic set of f".

To show that the measure is unique, suppose p is any equilibrium state
of ® and choose v € M (X4, 0) with 7% v = p. Then h,(c) > h,(f) and so

1 1
P,(Pom)>hy(o)+ lim — /gon omdy > hy,(f)+ lim — /cpnd,u

n—oo n n

= P;(®) = P;(®om).

Thus v is an equilibrium measure for ® o 7 which implies v = pgor. Then
=T % flpor = - 0

3.6 Examples

We give four examples of almost-additive sequences. The thermodynamic
formalism of these sequences has been studied; these previous results are
compared with the thermodynamic formalism for almost-additive sequences.

3.6.1 Additive Sequences of Potentials

We compare the thermodynamic formalism for almost-additive sequences to
that of additive sequences [Rue78| [Sin72, Bow70].
Let ¢ : X — R be a continuous function. The sequence

n—1

on() =D o(f*(x)).

k=0

is an additive sequence and thus is almost-additive with ¢;(n) and ca(n)
identically equal to zero.

These sequences trivially satisfy properties (3.3.2)) and (3.4.5)). Thus we
can apply Definition to obtain the classical topological pressure of ¢
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on a compact f-invariant set Z,

1
Pz(¢p)= lim  lim —log 1nf Z exp sup Z o(f*(x)

diam(U)—0 n—oo N
fam (U)— Uer

where the infimum is taken over all I' C W, () covering Z. Theorem [3.4.10
gives the classical variational principle

Pz(¢) = sup{ /¢du pe M(Z, f). }

If ¢ is Holder continuous then condition (3.5.2)) holds, and we recover the
existence and uniqueness of Gibbs and equilibrium measures under the same
conditions as in the classical case. (See Section )
3.6.2 Nonadditive Sequences of Potentials

We compare the thermodynamic formalism for almost-additive sequences to
that of nonadditive sequences [Bar96].

Consider a sequence satisfying for which there is a continuous
function ¥: X — R so that

On —@pn_10f = (361)

uniformly on X as n — o0o. Set v, = ||¢n — @n—10° f — ¥||so. Then for every
m > 1 and every x € X, we have that

—m + () < pm (@) = Pma(f(2)) < P(@) + Ym.

Fix two numbers m,n > 1. One can show the following inequality holds.

i [ ( ) Y(m+n)—k ] +om (f" (@) < ontm(z)

?
L

@ (75 @) + Ymim ] + e (F@)).

0
(3.6.2)

e
Il

Without loss of generality set @9 = 0. The above inequality with m = 0
implies that

—_

(¥ (F@)) = -] < on v (@) + ] (363)

k=0 k=0

—_
3

n—
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Combining (3.6.2) and - 3.6.3]) yields
n—1 n—1
- (Z V(m+n)—k T Z 7n—k> + on(®) + om(f"(2)) < Pnim()
k=0

< ¢n ( )+90m fn (Z’Y(m—‘rn k+Z'7n k>

The above inequality shows that a sequence satisfying (3.6.1]) is almost-
additive if the function

n—1 n—1
calntm) = Yomm1+ D Yn-k
k=0 k=0
is bounded by a constant Cy for every n > 1; since ¢;(n) = —ca(n), for every

n, we would also have the bound —C5 < ¢1(n), for every n. This condition
on the functions c1, ¢y is satisfied if the sequence @, — p,_1 o f converges
fast enough to the function 1.

On the other hand, there are sequences which are almost-additive but
do not satisfy . For example, let X = S', f(x) = z. The sequence
¢ = {pn(z) = sin(z + na)} is almost-additive with ¢; = —2,¢9 = 2, but
there are « for which

on(x) — pp—1 0 f(z) = sin(z + na) — sin(x + (n — 1)«)
=k COS(I{ZQTL + kg),

which does not converge as n — oo, where k; are constants depending on «.

An almost-additive sequence satisfying and need not sat-
isfy . Thus the set of sequences admitting a variational principle as
in Barreira [Bar96] (see Section is not disjoint from the set of almost-
additive sequences, but neither class is contained in the other.

For sequences satisfying properties and , which are also
almost-additive satisfying , we can apply Theorem to obtain the
variational principle. Since these sequences satisfy (3.6.1)), the variational
principle can be expressed as

Pz(q))—sup{ /wdu pe M(Z, f)}
For a compact f-invariant set Z, we note that £(Z) = Z.
Suppose that f is an expansive homeomorphism of X. Theorem [3.5.2

implies that for sequences satisfying (3.6.1) which are also almost-additive
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there exists an equilibrium measure. Uniqueness of equilibrium measures
follows from Theorem [3.5.12] for f which are Axiom A, and almost-additive
sequences satisfying conditions (3.3.2)) and (3.5.2]).

3.6.3 Subadditive Sequences of Potentials on Mixing Re-
pellers

We compare the thermodynamic formalism for almost-additive sequences to
that of subadditive sequences [Fal88] (see also [Bar96]).

Consider (X, f) = (¥4,0), where ¥4 is a mixing subshift of finite type
with transition matrix A. Let ® be an almost-additive sequence such that
c2(n) = 0. Assume that the sequence ® is uniformly bounded, satisfies a
Lipschitz condition, and has bounded variations (see Section .

The conditions on the sequence ® imply that these sequences satisfy
conditions (3.3.2)) and (3.5.2). Thus the topological pressure of the sequence
® on the set Z can be defined (see Definition . Theorem gives a
corresponding variational principle, and Theorem gives the existence
and uniqueness of a Gibbs (and equilibrium) measure.

The thermodynamic formalism for these subadditive sequences was first
introduced by Falconer [Fal88] in the study of mixing repellers. They
are a particular case of the nonadditive thermodynamic formalism of Bar-

reira [Bar96] (see Section [2.2.2]).

3.6.4 Sequences of Potentials Generated by Iterated Func-
tion Systems with Overlaps

We compare the thermodynamic formalism for almost-additive sequences to
the sequence studied by Feng and Lau [FL02, [Fen04].

Let (X4,0), where ¥4 is a mixing subshift of finite type with primitive
transition matrix A. Let M be a Holder continuous function on ¥ 4 taking
values in the set of all positive d x d matrices. Define the matrix norm
[|M]|| = 1M1, where 1 is the d x 1 vector of all ones. The nonadditive
sequence ® = {p, : ¥4 — R}>° , where

pu(z) = log||M(z)... M (" (2))|

is almost-additive with ¢1(n) = ¢1 < 0 and ¢ = 0. Since || - || is a multi-
plicative norm, we have that ||AB|| < ||A4]|| - ||B||. Thus

log ||M (2) ... M (™™™ (x))[| < log||M () ... M (" (2))|l+
log ||M (¢"(x)) ... M (™™ ()]
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Feng and Lau [FL02] show that there is a constant C' > 0 such that

ming; Mij(@) o g all v € Xy,
max; ;j M; j(x)

which implies that M(z) > $(1-1*)M(z). Thus
log [[M(z) ... M(a"*™ "} (2))|| > log ||M () ... M(c" " (2))||+
log [[M (0" (x)) ... M(o™ "™} (x))|| +log §.

As C <1, we have that log % < 0.
Definition [3.3.3 gives the topological pressure

Ps,(®) = lim 1log Z sup ||M(z)M(oz) ... M (" (x))]].

n—oo n
=N z€Cp,

Applying Theorem [3.4.13| gives the variational principle.

1 .
Py (@) =sup { o)+t [log MM (o) .. M)l
where the supremum is taken over all u € M(X4,0). The above pressure
and variational principle are those given by Feng and Lau [FLO02|,[Fen04].
Applying Theorem gives the existence of a unique Gibbs and equi-

librium measure, which recovers the results of Feng and Lau (see Section
2.2.2)).
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Chapter 4

Discontinuous Potentials

In this chapter a thermodynamic formalism for discontinuous potentials is
given. The results on the thermodynamic formalism for discontinuous po-
tentials can be found in [MumOG6b].

4.1 Introduction

Let X be a compact metric space, f: X — X a continuous map, and poten-
tial ¢: X — R be measurable but not necessarily continuous on X. Assume
that there exists an f-invariant set A C X with a nested family of subsets
{A;} which exhaust A. We do not require that either A or the A; is compact;
the A; are not required to be f-invariant.

Definition 4.1.1. If a potential is continuous on the closure of each A,
then it is said to be continuous with respect to the family of subsets {A;}.

Definition 4.1.2. Let ¢: X — R be continuous with respect to {A;}. The
topological pressure of ¢ on A is

Pa(p) = sup Py, (¢),
>1

where Py, (¢) is the topological pressure of (continuous) ¢ on A;.

In Section we show that, in a sense, the topological pressure of ¢
on A does not depend on the family {A;}. Several other properties of the
topological pressure are given in the same section. A variational principle
for the topological pressure is shown in Section The topological pres-
sure and variational principle of several examples of dynamical systems and
discontinuous potentials are considered in Section
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4.2 Variational Principle

Theorem 4.2.1. Assume that f-invariant A C X has a nested family of

subsets {A;} which exhaust A. Let ¢: X — R be continuous with respect
to the family {A;}. Assume that L(A, p) # &. Then

Priag)(p) = sup{hu(f) +/As0du D€ My(A, f)}-

Proposition 4.2.2.

Pate) = sup () + [ odu e Mo}

Proof. Fix p € My(A, f). We will show that there exists an [ so that

P(9) = () + [ pdn (4.2.1)

We use the following lemma in the proof of the variational principle.

Lemma 4.2.3 (see Pesin [Pes97]). For any € > 0 there exits §, 0 < § <
€, a finite Borel partition ¢ = {Z1,...,Zy} of A, and a finite open cover
U={Uy,...,Ux}, k> m, of X such that

1. diam(U;) < e, diam(Z;) < e, i=1,...,k j=1,...,m;
2. U; CZyi=1,...,m;

3. w(Z;\U;) <é,1=1,...,m and ,u(Uf:mJr1 Ui) < 0; and
4. 26logm < e.

Given y € A, let t,,(y) denote the number of those p, 0 < p < n for which
fP(y) € U;, for some i = m+1,...,k. Using Lemma [4.2.3] part [3 and the
Birkhoff Ergodic theorem, there exists N1 > 0 and a set Ay C A such that
(A1) >1—9 and for any y € A; and n > Ny,

n",(y) < 20. (4.2.2)

As f is continuous on a compact metric space, the measure-theoretic
entropy h,,(f) is finite. Set ¢, = ¢V 71V -V f7"1(. Using the Shannon-
McMillan-Breiman theorem, there exists No > 0 and a set Ao C A so that
((A2) > 1—9 and for any y € Ay and n > Ny,

1(Z¢, (y)) < exp(—(hu(f,¢) — d)n), (4.2.3)
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where Z¢, (y) denotes the element of the partition (, containing y and
hu(f,¢) denotes the measure-theoretic entropy of the partition ¢ with re-
spect to f.

Using the Birkhoff Ergodic theorem, there exists a large N3 > 0 and a
set As C A so that pu(As) > 1— ¢ and for any y € A3z and n > N3,

n—1

1 .
=~ #F') /Asodu

=0

< 6. (4.2.4)

Set N = max{Ny, No, N3} and A = A; () A2()As. Notice that the set
A satisfies u(A) > 1 —36. Choose any n > N and any

A< h,(f, Q)+ /Agpd,u — €. (4.2.5)

Since A = J;2; Ay and A; C Ajq1, we can choose I so that p(A;) > 1—4.
We have that

p(A () A) > 1 - 46. (4.2.6)
Set
m(U)-1
M(Y,a,p,U,N) = irrlfUZEFexp —am(U) —|—x€s;(1%>@ kzzo o(ffx) |,

where I' C (1,5, Wi (U) that cover Y. (See Section [2.2.1}) Choose a cover
I'c W) of A; with m(U) > N, for every U € I, such that

m(U)—1
dexp [ =dm@)+ sup D> o(ff(x) | = M(ALN @ U, N)| <6
Uer v€X(U) k=0
(4.2.7)
Let I'), C I be the Q of strings from the cover I' for which m(U) = p and
X(U)NA # @. Denote by P, the cardinality of I'y. Set Y, = Uyer, X (U).

Lemma 4.2.4. We have P, > u(Y,( A)exp ((hu(f,¢) — 6 —20logm)p).

Proof. Let L, be the number of those elements Z¢, of the partition ¢, for
which

Ze, (Y[ VA # 2. (4.2.8)
The collection of such partition elements covers the set Y, () A. Thus
S (7)) > (¥ A), (4.2.9)
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where the sum is taken over all elements of the partition (, for which con-
dition (4.2.8) holds. Since Z, (] A2 # @ we have that

Ly > u(¥y [ A) exp((hu(£.C) — )p), (4.2.10)

using inequalities (4.2.3]) and (4.2.9)). Fix a string U € I',. Set S,(U) to be
the number of those elements Z,, = Z;;N---N f_(p_l)Zip_1 of the partition

Cp, for which Z, N X(U) A # @. Since X(U)()A1 # @ we have that
there is only one choice for the partition element Z;; for every j except at
most 2dp times when there are no more than m possibilities. The following
estimate holds.

Sp(U) < m?P = exp(20plogm). (4.2.11)

Since P,Sp(U) = Ly, the inequality follows using (4.2.10)) and (4.2.11). O

The following estimate holds.

m(U)—1

ZeXp —Am(U) + sup Z o(fF(2))

Uer zeX(U) 1o

oo p—1
>3 ) exp (Aer sup )Zw(fk(fﬂ))>
k=0

p=N UeT, reANXU

Sy (SR D

> 3 w4 N A) 2w 4) 21— 45
p=N
Above we used that for sufficiently small € inequality (4.2.5)) implies
hu(f,Q) +/cpdu—25— 20logm — X\ > 0.
A

Thus M(Aj, N, o, U, N) > 1 —56 > 1/2 for ¢, and thus §, small enough.
Hence, Py, (¢,U) > A, which implies

P(9) = Pr(oh) 2 (£, + [ pdn—c
Letting € go to zero gives that h,(f,() — hu(f); thus we have (4.2.1). O
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Corollary 4.2.5.

Prap)(p) = sup {hu(f) + /Awlu € My(A, f)} :

Proof. Given a measure € My (A, f) denote by Z,, the set of points in
A defined as Z, = {x € A : V(z) = {u}}. We have that u(Z,) = 1 and
Z, C L(Z,p). Therefore, by Proposition

Priag) (@) 2 Pz, (p) = hu(f) + /Ago du. O

Proposition 4.2.6.
Prag)(p) < sup {hu(f) + /Awdu € My(A, f)} :
Proof. As L(A, @) = U;s1 (L(A, 9) A1), we have that
Priap) () = ?12111) Priaeyna, (@)
We show that for every [ > 1
Priagoyna(p) < sup {hu(f) +/As0du L€ My(A, f)} :

Let E be a finite set and a = (ag,...,a5_1) € E*. Define the measure
[t o0 E by

1
pale) = %(the number of those j for which a; = e).

Set

== pa(e)log pg(e

ecE
Consider the set

R(k,h,E) = {a € E*: H(a) < h}.

The following statement describes the asymptotic growth in k of the number
of elements in the set R(k, h, E).

Lemma 4.2.7 (Bowen [Bow70]). The following inequality holds.

1
lim sup z log |R(k,h, E)| < h.

k—o0

95



Let U = {Ui,...U,} be an open cover of X and € > 0. Set

mU) = sup{|p(x) —o(y)| : z,y € U; ﬂAl for some U; € U}.

Notice that v, () — 0 as diam (i) — 0.

Lemma 4.2.8. Given z € L(A,p)(A; and p € V(z) (Y My(A, f), there
exists a number m > 0 such that for any n > 0 one can find N > n and a
string U € S(U) with m(U) = N satisfying:

1. z € X(U);

2.
N-1

sup > p(ff(x)) < <w(u)+/As0du+e>;

weX(U)NA £

3. the string U contains a substring U’ of length m(U’) = km > N —m
which, being written as a = (ao, .. .,ax_1), satisfies the inequality

iH(g) < hu(f) +e (4.2.12)

3

Proof. Parts andare found in Pesin [Pes97]. Since i, converges to the
measure u and ¢ is integrable with respect to p we obtain for sufficiently
large N that

N-1

sup > o(fF ) —N/Awdu <

yeXW)NA g

N-1 N-1 N-1

k(p)) —
> efF @) N/Awdﬂé

0 k=0
N’}/l(U)—FNE. ]

sup p(f* ()| +

yeX (U )ﬂAlk 0 k

Given a number m > 0, denote by Y, the set of points y € L(A, ) (A
for which Lemma[4.2.8 holds for this i and a measure pu € V(2) (Y My (A, f).
We have that L(A,p) (A = Um>0Y Denote also by Y, the set of
points y € Y, for which Lemma [4.2.8| holds for some measure p satisfying
Sy edp € [u— e, u+ €. Set

¢ = sup {h#(f) +/A<Pdu THE qu(/&f)} :
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Note that if € Y}, ,, then the corresponding measure-theoretic entropy
for p and f satisfies h,(f) <c—u+e.

Let Gy ., be the collection of all strings U described in Lernrna that
correspond to all z € Y;,, , and all N exceeding some number Ny. It follows
from Inequality that for any x € Y, 4, the substring constructed
in Lemma is contained in R(k,m(h + €),U™), where h = ¢ —u + €.
Therefore, the total number of the strings constructed in Lemma does
not exceed b(N) = [U|™|R(k,m(h + €),U™)|. By Lemma we obtain
that

log b(INV)

lim sup <h+e (4.2.13)

N—oo

Since the collection of strings G, covers the set Y, , we conclude using
Lemma 4.2.8 and (4.2.13]) that

M/(Ym,ua )\79071/[7 NO) <

00 m(U)-1
b(N)exp | —Am(U su R <
3 e | @+ _am S ) ) <
Z b(N) exp (—)\m(U) +N </A pdp+nU) + 6>> .

N=Ny

If Ny is sufficiently large, we have that b(N) < exp(N(h + 2¢)). Hence,

MY, A, 0, U, N <67NO 4.2.14
(m,ua , o, U, 0)—1_57 ( )

where

B = exp <—/\+h—|—/4pd,u+’n(1/l)+3e>.
A

It follows from (4.2.14)) that if A\ > ¢ + v (U) + 4e then mc(Yiu, A) = 0.
Hence, A > Py, . (¢,U). Set A =| [, pdu|. Assume that points u, ..., u,
form an e-net of the interval [—A, A]. Then

LA o)A = U Yo

m=11i=1

We have that A > Py, , (¢,U) for any m and i. Therefore,

A > sup Py, (0, U) = Prap)na (o, U).

m,i
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This implies that ¢ + v(U) + 4e > Pra oy a, (9, U). Since € can be cho-
sen arbitrarily small it follows that ¢ + v (U) > Py )0, (0, U). Taking
the limit as diam(U) — 0 yields ¢ > Prz,4)na, () and the desired result
follows. O

4.3 Properties of the Topological Pressure

The definition of the topological pressure for discontinuous potentials relies
on the family of set {A;}, however, the value of Pj(¢p) is independent of the
family {A;} in the following sense.

Theorem 4.3.1. Assume that f-invariant A C X has two nested families
of subsets {A;} and {I';} which exhaust A. Let ¢: X — R be continuous
with respect to both {A;} and {I';}. Then

Pa(p) = sup Py, () = sup Pr,(¢).
>1 >1

Proof. Set P\ (¢) = sup;>; Py, () and Py(¢) = sup;>; Pr,(¢).

For every € > 0 there exists an n such that Py, () > Py (p) — €. As the
I'; exhaust A, we can write A, = |J,,,>1(An (1 T'm). As ¢ is continuous on
A, and each T',, -

Py, () = sup Py, ar,, () < sup Pr,, () = PA(¢).
m>1 m>1
Thus Py (¢) > P, (¢)—e for every e. Reversing the roles of P} (¢) and Py ()
gives the result. 0

The topological pressure of ¢ on A satisfies many of the properties of the
classical topological pressure. The theorem below follows from the definition
of the topological pressure (as a supremum) and the corresponding results
for continuous potentials.

The potential ¢ is cohomologous to i if there exists a continuous f such
that p —¢p=f — foT.

Theorem 4.3.2. Assume that f-invariant A has a nested family of subsets
{A;} which exhaust A. Let ¢: X — R be continuous with respect to {A;}.
Let Z C A be any subset. The following properties hold.

2. le (ga) < P22 ((p), if 71 C Zy CA,

o8



3. Pz(p) = sup;>; Pz, (), where Z = Ui21 Z;,
4. If f is a homeomorphism then Pz(¢) = Pz (),

5. If h: X — X is a homeomorphism which commutes with f (that is
foh=ho f)then Pz(p) = Pyz)(poh™),

6. |Pz(p) — Pz(v)| < || — ¢||, where || - || denotes the supremum norm,
Pz(p+c) = Pz(p) + ¢,
Pz(te + (1 = t)y) < tPz(p) + (1 — t)Pz(¥),

If ¢ is cohomologous to 1, and then Pz(p) = Pz(1)).

© o

Assume that f-invariant subset A has a nested family of subsets {A;}
which exhaust A. Let ¢: X — R be continuous with respect to {A;}. Each
function in the family ¢; = tp: X — R is also continuous with respect to
{A;}. Define the pressure function ¥: R — R associated to ¢ as

WU(t) = Pr(a,p)(e) = sup {hu(f) - t/Asodﬂ TS M¢t(A7f)} :

The potential ¢; is integrable with respect to a measure p if and only if the
potential ¢y is integrable with respect to the measure p. Thus the sets of
measures M, (A, f) are equal for every ¢, that is M, (A, f) = My, (A, f),
for every t € R. This implies that L(A, ) = L(A, 1) for every ¢t € R. In
particular, W(t) is well-defined for all ¢.

Theorem 4.3.3. Assume that f-invariant A C X has a nested family of
subsets {A;} which exhaust A. Let ¢ be continuous with respect to the
family {A;}. The following properties hold for the pressure function W.

1. Monotone Decreasing: If ¢ < s, then W(t) > W(s).
2. Subadditivity: W(s+1t) < ¥(s)+ U(t).
Proof. For every 1 € My, (A, f) we have that — [todu > —s [pdp. Thus

mf) =t [edu>nalh) = s [odn

For every € My (A, f),

huf) + / (s + Opdu < (hu(f) + / s dpr) + (hu(f) + / tpdy). O
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Property @ in Theorem m gives invariance under cohomology. The
following theorem uses this invariance to show that when looking for equi-
librium measures we can restrict our attention to functions which depend
only on future behavior.

Theorem 4.3.4. Let ¢: X — R have summable variations. Then ¢ is
homologous to 9: X — R with summable variations and Vi(¢) < oo with
Y(z) = P (y), whenever z; = y; for all i > 0.

Proof. For each state ¢ pick @, = ...a—1ta;--- € X. Define r: X — X by
r(z) = x*, where 2 = x,k > 0 and (a, )r, k < 0. Let

[e.e]

plo7r()))-
:O

J

We have that o/z and o”/rz agree in places —j to oo. Thus we conclude
lo(aiz)—p(o? (rz))| < Vj(p). Since p has summable variations, the function
u is defined and continuous.

If x; = y; for all |i| < n, then for j € [0,n], the following hold;

lp(o7z) — p(oy)| < Va-j(p),
lp(o7rz) = (o?ry)| < Vazj(p).

Hence
u(@) —u@)] < S [leloz) — plody) + lploira) - p(oiry)]

+ 52 1 [l0(092) = plody)| + olo7rz) - p(odry)]

<237 _[2] Vi(p) < oo
2
In conclusion, since ¢ has summable variations u does as well.

Hence the function ¥ (z) = ¢(z) —u(z) +u(oz) has summable variations.
Now

o o
x) + Z (07 rz) — (o™ te)) + Z (07 g) — p(olrox))
Jj=0 7=0
e, 9]
z) + Z (07T ra) — p(oirox)),
7=0

which depends only on {z}}7°, due to the presence of the function r. [
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4.4 Examples

The thermodynamic formalism for discontinuous potentials applies to sev-
eral interesting examples.

4.4.1 Systems with Nonzero Lyapunov Exponents

The setup for the thermodynamic formalism for discontinuous potentials
in this thesis was developed from the general theory of dynamical systems
with nonzero Lyapunov exponents. Such systems have a subset A, which
is of interest dynamically, with a natural set of nested exhaustive subsets.
The concepts and definitions of systems with nonzero Lyapunov exponents
can be found in [BP02].

Let f: R — R be a C'*¢ diffeomorphism of a compact smooth Rieman-
nian manifold R. Let p be an ergodic Borel, f-invariant hyperbolic measure
on R. Recall that A;, [ > 1 is the set of regular points z € R,

A ={x €R:Di(x) <land Da(x) > 1/l}.

These sets are closed, A; C Aj41, and the set A = Uj>1/A; is f-invariant and
coincides with R up to a set of u measure zero.

Thus for any potential function ¢ which is continuous with respect to
{A;}, the topological pressure can be defined as , and the variational
principle, Theorem holds. In particular, the topological pressure can
be defined for the function ¢;(z) = —tlog Jac(df gu), which is continuous
on each A;, but can be unbounded on A. The following variational principle
holds.

Theorem 4.4.1. Let f: R — R be a C'*¢ diffeomorphism of a compact
Riemannian manifold. Assume that there exists a hyperbolic measure v on
R. Then

Prinony(ie) = sup {h,xf) — o [[tog Tac(d) du s € Mo (4, f)} .

4.4.2 Countable Markov Shifts

The thermodynamic formalism for discontinuous potentials is compared with
that of countable Markov shifts [Gur69l [Sar99, [Sar03]. The thermodynamic
formalism for countable Markov shifts has recently been of great interest.
The existence and uniqueness of (Gibbs and) equilibrium measures has so
far proven to be more complex than its subshift of finite type counterpart
(see for example [Aar97, [ADU93, MUOL, Yur99, PS05]).
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Let (M,o0) be a countable Markov shift. Assume that ¢ : M — R has

summable variations, that is,

D Va(¢) < 0.
n=1

The Gurevich pressure of ¢ is

n—1
Pg(¢) = lim %bg Y e (Z <z><ak’<x>>> 1(q) (@),

r:or=x k=0

where 1, is the indicator function on the cylinder set [a]; the limit exists
and is independent of a € S.

The topological pressure for discontinuous potentials applies to countable
Markov shifts as the space M is not compact. A potential function with
summable variations is continuous on M, though possibly unbounded.

The following connection between the Gurevich pressure and the topo-
logical pressure holds.

Pa(p) = sup{ Piop(ip)y) : Y C M topologically mixing finite Markov shift }
= sup{Prop(p|x) : K C M compact , T 'K = K} (4.4.1)

Starting with the set A; = {w = wowiwa--- € M : Vi, 0 < a; < I} one
can add a finite number of states and construct a topologically mixing finite
Markov shift Z;, with A; C Z; C M. (For each pair of letters 0 < a;,a; < I,
one must add only the finite number of letters which form an allowable
word beginning with a; and ending with a;.) These sets Z; are compact
f-invariant subsets of M. The family of sets {Z;} has a subfamily Z;, such
that Z;, C 7, . Theset A = Uk21 7y, is o-invariant and strictly contained
in M. If ¢ has summable variations, then ¢ is continuous; in particular, ¢
is continuous on each Zj,. Thus the topological pressure of ¢ on A can be

defined as P(¢) = supy>1 Pz, (¢). Theorem and Equation m give
the following theorem.

Theorem 4.4.2. Assume M is a topologically mixing countable Markov
shift. Let ¢: M — R have summable variations. Then

Py (¢) = Fa(9).

Theorem and Theorem together imply that the Gurevich pres-
sure can be computed (as in (4.1.2))) by taking the supremum over sets which
are neither compact nor f-invariant, for example the sets A;.

62



4.4.3 Unimodal Maps

The thermodynamic formalism for discontinuous potentials is applied to
certain unimodal maps. Results of Bruin and Keller [BK9§| are used.

Let f: Z = [0,1] — Z be a unimodal map with critical point p. Let
P = Upso F*(p), and let A; = ([0,p— 1/{]U[p +1/1,1])P. Then the
family {Kl} is nested and exhausts A = Z\ P. Thus the topological pressure
of any ¢ continuous with respect to the family {A;} can be defined as .

The function ¢(x) = —tlog|f’| is bounded, hence continuous, on the
closure of each A;. Thus the topological pressure and pressure function can
be defined for ¢, for every t.

For a unimodal map f which has the following properties:

1. fisC3*onZ— {p}

2. there exists an [ > 1 and a continuous strictly positive M: Z — R
such that |f'(x)| = M (z)|x — p|'~! for every x € Z,

work of Bruin and Keller [BK98| shows that ; is integrable with respect
to every measure y € M(Z, f). (In [BK98], the function is also assumed to
have negative Schwartzian derivative. This condition can be dropped. See
[Bru9sl, [GS05].) Thus My, (A, f) = M(A, f), and L(A, 1) = L(A). The
following variational principle holds.

Theorem 4.4.3. Let f be a unimodal map with critical point p satisfying
properties [T and 2l Then

Peoa(0) = sup {hu(f) ~t [1og]ldu € M(A f)} .
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