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ABSTRACT. We study the nonadditive thermodynamic formalism for the class
of almost-additive sequences of potentials. We define the topological pressure
Pz (®) of an almost-additive sequence ®, on a set Z. We give conditions which
allow us to establish a variational principle for the topological pressure. We
state conditions for the existence and uniqueness of equilibrium measures, and
for subshifts of finite type the existence and uniqueness of Gibbs measures.
Finally, we compare the results for almost-additive sequences to the thermo-
dynamic formalism for the classical (additive) case [10] [11] [3], the sequences
studied by Barreira [1], Falconer [5], and that of Feng and Lau [7], [6].

1. Introduction. In [7] and [6], Feng and Lau developed a thermodynamic for-
malism for some sequences of functions on subshifts of finite type in the context of
multifractal formalism associated to certain iterated function systems with overlaps.
These sequences of functions are not additive and fall into the category of sequences
introduced in this paper, called almost-additive. We give conditions under which
their thermodynamic formalism can be generalized to this class of sequences on an
arbitrary compact metric space, with respect to a continuous map f.

Let (X, p) be a compact metric space with metric p, f : X — X a continuous
measure preserving transformation on X, and ® = {¢,, : X — R}%2; a sequence of
continuous functions.

Definition 1. We call the sequence ® almost-additive if there exist functions ¢y, co :
N — R such that for every m,n > 1, and z € X
a. c1(n) < ca(n),
b. there exist constants Cy, Cy such that C7 < ¢1(n) and ca(n) < Co,
c. ci(n+m) +n(®) + e (f"(2) < Pnim(®)
< @n(x) + @m(f"(2)) + c2(n +m).

In section 3, we examine some properties of almost-additive sequences. We note
that an almost-additive sequence may not be close to any additive sequence (see
Section 2, Examples 2 and 4).

In this paper we study the nonadditive thermodynamic formalism for the class of
almost-additive sequences. Several examples of almost-additive sequences are given
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in Section 2, among which is the sequence studied by Feng and Lau. The ther-
modynamic formalism of the example sequences has been studied (see Ruelle [10],
Sinai [11], Bowen [3], Barreira [1], Falconer [5], Feng and Lau [7], [6]). We compare
these previous results to our thermodynamic formalism.

1.1. Topological Pressure and the Variational Principle. Let U/ be a finite
open cover of the compact metric space X. Define an m-string U to be an ordered
collection of m open sets from the cover U,

uv=u,,U;...U;, ..

Let W,,,(U) be the set of all m-strings. For U € W,,,(U) denote m(U) = m and
define the set

XU)={zeX: ffx)eU;,, fork=0,...,m—1}.
A set I' C Up>1Win (U) is said to be a cover of Z if Z C Uyer X(U).
For every n > 1 define
Y (@, U) = sup{|pn () — on(y)| : x,y € X(U) for some U € W,,(U)}.

Set
Z,(®,Z,U) =inf ¥ exp sup on(z),
r QX:GF zeX(U)

where the infimum is taken over all I' C W, (/) covering Z.

Definition 2. The topological pressure of an almost-additive sequence ®, on a
compact f-invariant set Z C X, is given by
1
Pz(®)= lim lim —Z,(®,Z,U).
diam(U)—0n—oo N
When necessary, we write Py z(®) = Pz(®) for the topological pressure of ® with
respect to the function f.

If the almost-additive sequence of functions ® satisfies

lim  Tim,_ -0, 1
diam(@)—0 T )
then the limits in the definition of topological pressure exist. In Section 4, we show
that this is the definition given by Barreira [1].

We study the variational principle in Section 5. Let M (X, f) be the set of f-
invariant Borel probability measures on X. We obtain the following general estimate

of the topological pressure for any almost-additive sequence of functions.
Theorem 1. Suppose that ® is an almost-additive sequence of functions satisfying
property (1). Then

P(®) > sup {hu(f) + Jim o gudu(o) s e M(X, f)} -

To obtain the inverse inequality, and in particular the variational principle, the
sequence of functions must satisfy an additional condition.

Theorem 2. Suppose that ® is an almost-additive sequence of functions satisfying

property (1), and the functions ci1(n) and ca(n) satisfy

n—1 n—1

lim lch(n—k) :nILH;O%ZCQ(n—k). (2)

k=0 k=0
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Then

P®) =sup {,(1) + Ji L [ uduto) e MK}

Condition (2) is a strong requirement on the sequence ®. It is satisfied by some
almost-additive sequences but not by the sequence studied by Feng and Lau in [7]
and [6]. For these sequences we provide another condition which guarantees the
variational principle. This requirement works well in the case when the system is
a subshift of finite type. The extra structure provided by the subshift allows us to
develop a thermodynamic formalism with conditions different than (2).

Let (X,0) be a subshift of finite type and ® an almost-additive sequence satis-
fying (1). The topological pressure on a compact o-invariant set Z C X is given by
the following formula

1
Pz(@) = lim 710g Z exXp sup (pn(x)a

n—oo N Uer reX(U)

where I' is the unique cover of Z by n-cylinders.

Theorem 3. Suppose that (X, o) is a mizing subshift of finite type and ® an almost-
additive sequence satisfying (1). Also, suppose that there exists v such that for every
n>1,ze X{U)
en(@) < sup @n(@) <7+ (). (3)
z€X(U)
Then

oo n

P@) =sup {n, (1) + Jim - [ guduta) s € M(X,0) |

Remark. After this paper was finished, I became aware of a preprint by Bar-
reira Nonadditive Thermodynamic Formalism: Equilibrium and Gibbs Measures [2].
Building on some ideas of his work one can actually drop requirement (2) and prove
the following result.

Theorem 4. Suppose that ® is an almost-additive sequence of functions satisfying
property (1). Then

. 1
P®) =su () + i+ [ oudute) s e (X))
At the end of Section 5, we show how to modify the proof of Theorem 2 to obtain

this result.
1.2. Equilibrium Measures.

Definition 3. We call a measure ug € M (X, f) an equilibrium measure associated
with & if
1 1
a0)+ Jim - [ udsn =suw {1, (1) 4 tim - [ oudus e 2rx. ).
n—oo N n—oo N
We explore the existence and uniqueness of equilibrium measures in Section 6.
The existence of equilibrium measures is, in itself, an interesting problem. We obtain
the following result on existence of such measures without requiring the topological
pressure to exist.

A map f is called expansive if there exists an € > 0 so that for any points z,y € X
with p(f*(x), f*(y)) < € for all k € Z then x = y.
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Theorem 5. Suppose that f is an expansive homeomorphism of X. Then for any
almost-additive sequence of functions ® there exists an equilibrium measure g on
X.

Corollary 1. Suppose that ® is an almost-additive sequence satisfying (1) and (2),
and that f is an expansive homeomorphism of X. Then there exists a measure g
on X such that

n—oo N

P(®) = by (P + limn - [ i (4)

We note that some authors would define an equilibrium measure to be a measure
we satisfying (4).
Let C,, be an n-cylinder in a subshift of finite type X.

Definition 4. A probability measure g on X is a Gibbs measure if there exist
constants Ay, As > 0 such that

#(Cn)
= e (nP@) + o)) ®)

for any n > 0,C), C X4 and x € C),.

In Section 6.1 we obtain the following results on existence and uniqueness of
equilibrium measures for a mixing subshift of finite type (X, o).

Theorem 6. Suppose that ® is an almost-additive sequences of functions on a
mizing subshift of finite type (X, o) satisfying (1) and (3). Then there exists a
unique Gibbs measure on X. Moreover, this measure is the unique equilibrium
measure for ®.

For an additive sequence, if ¢; is Holder continuous, then condition (3) holds,
and Theorem 6 gives the classical result on the existence of equilibrium measures
for subshifts of finite type.

For almost-additive sequences, which are not additive, condition (3) holds for
sequences with v, (®,U) < ba™ for every n, for some positive constants b and
a € (0,1). We note that this condition is satisfied by sequences for which each
¥n is a-Holder continuous with common constant C'; as required for the sequences
studied by Feng and Lau [7], [6].

A diffeomorphism f : X — X is called Aziom A if the set (f) of non-wandering
points is hyperbolic and is the closure of the periodic points. The spectral decompo-
sition theorem gives that Q(f) = Q1 J-- - Qs, where the ; are pairwise disjoint
closed sets with

a. f(Q;) = Q; and fq, is topologically transitive,

b. Q=21 -UZin,, with the Z; ; pairwise disjoint closed sets with f(Z; ;) =

Zij+1 and fiz,  topologically mixing.
The map f is expansive on its hyperbolic set; thus by Theorem 5 there exists at
least one equilibrium measure for ®. We show the following theorem in Section 6.2.

Theorem 7. Suppose that § is a basic set for an Aziom A diffeomorphism f and
® an almost-additive sequence of functions satisfying conditions (1) and (3). Then
there exists a unique equilibrium measure pe for ®.

In the course of proving Theorem 7, we show the variational principle without
requiring ® to satisfy (2).
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Corollary 2. Suppose that (X, f) is an Aziom A diffeomorphism, ® is an almost-
additive sequence of functions satisfying conditions (1) and (8). Then

P(®) = sup {h“(o) + nILH;O % /gpndu cp € M(X, f)} .

2. Examples of Almost-Additive Sequences of Functions.

2.1. Additive Sequences. Let ¢ : X — R be a continuous function. The sequence

n—1

pal@) = S (@)

k=0

is an additive sequence and thus is almost-additive with ¢;(n) and ¢3(n) identically
equal to zero. Such sequences appear in the classical thermodynamic formalism
studied by Ruelle [10], Sinai [11], and Bowen [3].

These sequences trivially satisfy properties (1) and (2). Thus we can apply
Definition 2 to obtain the classical topological pressure of ¢ on a compact f-invariant
set 7,

n—1
Pz(¢) = lim lim 1 log irllf Z exp sup Z po fF(x),

di U)—0on—oomn
iam(U)— Uer o

where the infimum is taken over all I' C W, (i) covering Z. Theorem 2 gives the
classical variational principle

P(6) = sup {h,Af) + [ M(Z,f)-}

If ¢ is Holder continuous then condition (3) holds, and we recover the existence
and uniqueness of Gibbs and equilibrium measures under the same conditions as in
the classical case.

2.2. Nonadditive Sequences. Consider a sequence satisfying (1) for which there
is a continuous function ¢ : X — R so that

On —n_10f —19 (6)

uniformly on X as n — oo. Set v, = ||¢n — @n—10 f —¥||co. Then for every m > 1
and every z € X, we have that

—Ym + "b(l’) < ‘pm(x) - me,l(f(l')) < ¢($) + Ym-

Fix two numbers m,n > 1. One can show the following inequality.

z_: [¢ (fk (33)) - 7(m+n)fk:| +¢m (fn (.T)) < Spn-l-’rn(x) <
k=0

|
—

n

[¥ (7 @) +Amim k] + o @) (@)

0

=
i

Without loss of generality set ¢y = 0. The above inequality with m = 0 implies
that

n—1 n—1

> [0 @) = ] < nl@) < 3 [BE@) + k] - (8)

k=0 k=0
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Combining (7) and (8) we have that

n—1 n—1
o (Z Ym+n)—k + Z Vn—k> +@n(@) + o (f" (@) < Pnim(r) <
k=0 k=0

n—1 n—1
(,Dn(LL') + me(fn(x)) + (Z Y(m+n)—k + Z'Ynk) .
k=0 k=0

The above inequality shows that a sequence satisfying (6) is almost-additive if the
function

n—1 n—1
CQ(n + m) = Z Y(m+n)—1 + Z Tn—k
k=0 k=0

is bounded by a constant Cy for every n > 1; since ¢;(n) = —ca(n), for every n,
we would also have the bound —Cs < ¢1(n), for every n. This condition on the
functions cq, co is satisfied if the sequence ¢,, — ¢, _1 o f converges fast enough to
the function .

On the other hand, there are sequences which are almost-additive but do not
satisfy (6). For example, let X = S, f(z) = z. The sequence ® = {p,(z) =
sin(xz + na)} is almost-additive with ¢; = —2,¢a = 2, but there are « for which

@n(x) — pp_1 0 f(z) = sin(x + na) — sin(xz + (n — 1))
= ky cos(kan + k3),

which does not converge as n — 0o, where k; are constants depending on a.

Sequences satisfying (6) were shown by Barreira to have a variational principle
corresponding to the nonadditive topological pressure (see Barreira [1], and Section
3 below). An almost-additive sequence satisfying (1) and (2) need not satisfy (6).
Thus the set of sequences admitting a variational principle as in Barreira [1] is not
disjoint from those as in this paper, but neither is either class contained in the
other.

For sequences satisfying (1) and (6), which are also almost-additive satisfying (2),
we can apply Theorems 2 to obtain the variational principle. Since these sequences
satisfy (6), the variational principle can be expressed as

Po®) =su {1+ [ v e bz, 1)}

For a compact f-invariant set Z, we note that £(Z) = Z.

Suppose that f is an expansive homeomorphism of X. Theorem 5 implies that for
sequences satisfying (6) which are also almost-additive there exists an equilibrium
measure. Uniqueness of equilibrium measures follows from Theorem 7 for f which
are Axiom A, and almost-additive sequences satisfying conditions (1) and (3).

2.3. Subadditive Sequences. Consider (X, f) = (¥4,0), where ¥4 is a mix-
ing subshift of finite type with transition matrix A. Let & be an almost-additive
sequence with co(n) = 0. Assume that the following conditions hold

a. a uniform bound |[(1/n)p,(x)| < M,

b. a Lipschitz condition |(1/n),(x) — (1/n)en(y)| < alz — y|, and

c. bounded variation, i.e. there exists a constant b independent of n such that
lon(z) — ©n(y)| < b whenever z,y € C,,, for some n-cylinder C,,.
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Conditions (a)-(c) imply that these sequences satisfy conditions (1) and (3). Thus
we can define the topological pressure of the sequence ® on the set Z (see Definition
2). Theorem 3 gives a corresponding variational principle, and Theorem 6 gives the
existence and uniqueness of a Gibbs (and equilibrium) measure.

The thermodynamic formalism for these sequences was first introduced by Fal-
coner [5] while studying mixing repellers. They are a particular case of the non-
additive thermodynamic formalism of Barreira [1].

2.4. The Almost-Additive Sequence of Feng and Lau. Consider (X, f) =
(X4,0), where X4 is a mixing subshift of finite type with transition matrix A. Let
M be a Holder continuous function on ¥4 taking values in the set of all positive
d x d matrices. Define the matrix norm ||M|| = 1*M1. The sequence

pn(z) =log||M(z)... M(c" " (2))]]

is almost-additive with ¢;1(n) = ¢ < 0 and ¢o = 0. To show this we follow the
argument in Feng and Lau [7]. Since ||-|| is a norm, we have that ||AB|| < ||A]|-|| B]|.
Thus

log |[M(x)... M(c™ ™~ (2))|| < log|[M () ... M(c" ™ (x))]|+
log ||M (o™ () ... M(a" ™ ()]

For the opposite inequality, Feng and Lau [7] show that there is a constant C' > 0

such that . v
i Mis0) S ¢ for all z € 3,
maxl-yj Mi’j(l')

which implies that M (z) > %(1 -1Y)M (z). Thus
log |[M(z) ... M(a"™ H(a))]| > log||M(z) ... M (o™~ (2))]|+

n n+m—1 C
log [[M(c™(x)) ... M(c""™(x))|| + log &.

As C <1, we have that ¢; = log % < 0.
We can apply Definition 2 to obtain the topological pressure

1 e
P(®) = lim —log > sup [[M(X)M(ox)... M(c" " (x))]|.
Cnex, ¥E€0n

Applying Theorem 3 gives the variational principle:

P®) =su { (o) + fim + [1ox MM (o). 010" ) () |

The above pressure and variational principle are those given by Feng and Lau [7],[6].
Applying Theorem 6 gives the existence of a unique Gibbs and equilibrium measure,
which recovers the results of Feng and Lau.

As mentioned in the introduction, the thermodynamic formalism of the sequence
on(x) = log||M(z)... M(c" *(x))|| was studied by Feng and Lau, [7] [6], in the
context of multifractal analysis for iterated function systems with overlaps.

3. Properties of Almost-Additive Sequences of Functions. We first note
that if ca(n) = 0 for every n, then ® is a sub-additive sequence. If in addition,
c1(n) = 0 for all n, then the almost-additive sequence of functions is additive.

Lemma 1. Let ® be an almost-additive sequence of functions. Then the limait
lim,, o @n/n exists almost everywhere; it is possibly —oo or oo.
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Proof. The sequence (¢, + C2)/n is sub-additive since for every m,n we have

Pm+n(®) + Co < (m(x) + C2) + (n(f" (7)) + C2).

By the subadditive ergodic theorem (see [12]) lim,,_ o (p, + C2)/n exists almost
everywhere. As we have

c
lim 20 = g £l gy, et C
n—oo N n—oo n n—oo n n—oo n

the result is shown.

The following two lemmas are easily shown from Definition 1 (c).

Lemma 2. Let ® be an almost-additive sequence of functions. Then [ @ndp is an
almost-additive sequence of numbers, i.e. for a, = [ @n,dp we have that

cam4+m)+an + am < apam < ap + am + c2(n+m)

Lemma 3. Let ® be an almost-additive sequence of functions. Then for a fized
m > 0, the sequence

n—1 e
Sm® = {¢ZL = Z‘pmofk}
k=0 i=0

is additive.

4. Topological Pressure. We begin with the definition of the nonadditive topo-
logical pressure, see [1] or [9].
For every Z C X define

M(Z,a,®,U4) = lim inf Z exp (—am(U) + sup @n(x)> , (9)

n—oo I Uer zeX(U)

where the infimum is taken over all I' C Uy, Wy (U) that cover Z. Similarly, define

M(Z,0,®,U) =lim, inf Y exp [ —am(U)+ sup @n(x) |,  (10)
r UeT z€X(U)

M(Z,0,®,U) =Timy, oo inf Y exp | —am(U) + sup @n(x) |,  (11)
r UeT z€X(U)

where the infimum are each taken over all I' C W, (i) that cover Z. In equations
(9), (10), and (11), if X(U) = 0, then set sup,¢ x () n(zr) = —00.

The general theory of Carathéodory dimension characteristics gives that each
of the three equations above jumps from +oco to 0 at a unique critical value; it is
possibly —ooor + co. Define the critical values as

Pz(®,U) =inf{a: M(Z,a,®,U) =0} =sup{a: M(Z,a,®,U) = +0},
CP,(®,U)=inf{a: M(Z,a,®,U) =0} =sup{a: M(Z,a,®,U) = +o0},

M
CPz(®,U)=inf{a: M(Z,a,®,U) =0} =sup{a: M(Z,a,®,U) = +oc}.

M
M
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Theorem 8 (Barreira [1]). Let ® be a sequence of functions satisfying (1). The
following limits exists

Py (®) = dmii(rg})ﬂo Pz(®,U),
CP,(®) = dmgli(rzf})HOQZ(@’u)’
@Z(q)) - dianlii(rlffl)—@ﬁZ(q)’u)-

Definition 5. The topological pressure, on any set Z C X, of a sequence  satisfying
(1) is given by Pz(®). The values CP,(®) and CPz(®P) are the lower and upper
capacity pressure of ® on Z, respectively.

The following theorem shows that Definition 2 is the topological pressure for an
almost-additive sequence satisfying (1) on a compact, f-invariant set.

Theorem 9. Let ® be an almost-additive sequence of functions satisfying (1) and
let Z C X be f-invariant.

a. C'Pz(é) = Qz(@) :WZ((I)) =

1
lim lim —log Z,(®, Z,U).

diam(U)—0n—oo N
b. If in addition Z is compact, then Pz(®) = CPz(®).
Proof. (a) Given sets Iy, C Wy, () and T',, C W, (U), define the set
Lpn={UV:U€el,,Vel,} C Wyhin(U).

Since Z is f-invariant, if the two collections I';,, and I, cover Z, then their concate-
nation I'y, ,, also covers Z. As ® is almost-additive we have that

SUp  Pman(r) < sup @, () + sup n(x) + Cy,
z€X(UV) reX(U) zeX (V)

for every UV € I'y, . Thus we have that
Zman (P, U) < (exp C2) Zp (P, U) Z,, (P, U).

As U is a finite cover we have that

nf log Z,(®,U) -
n>1 n

Almost-additivity implies that the limit as n goes to infinity of log Z,, (®,U) /n exists
and is finite.
Thus, as a result of Theorem 2.2 in [9] and Theorem 8, we have that

— 1
CP,(®) =CPz(®) = lim ~log Z,(®, Z,U).

n—oo N

(b) For an almost-additive sequence of functions, we have that ¢, < @11 + K,
where K = sup, ¢y |¢1(x)| + max{|Ci|,|C2|} + 1. Let I' C Up>1 Wy, (U) be a cover
of Z. As Z is compact, we can assume that I" is finite. Thus there exists an M such
that I' C UnSMWn(Z/l).

Set I'" ={U;...U, : U; €T} for each n > 1. As Z is f-invariant and I" covers
Z, for all n the collection I'"* covers Z. Since ® is almost-additive,

sup Pm (U c4m (U (SC) < sup  ¥m(U, (IE) + (n - 1)02
e XUy U.) Uy +-+mU,) ;meX(Qi) )

)
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Set
N(T) = Z exp <—am(U) + Sup Yn () (x)) ‘
irer zeX(U)

We have that N(I'") < [(exp C2)N(I")]™.
If « = Pz(®,U) then there exists an m > 1 and a cover I' C Up>p, Wiy (U) of Z
such that (exp Co)N(T') < 1. Set ' = {U : U € I'™ for some n}. Then

N(I'>) = i N(I'™) < oo.

AsT covers Z, for any N > 1 and x € Z there exists U € I'™° such that z € X(U)
and N < m(U) < N+ M. Let T C Wx(U) be the collection of strings U* that
consist of the first IV elements of some string U € I'*°. We have that

SUP Ppm(u) < SUP Pm(u) + KM
and
N(I'™) < N(I'*°) max{1, exp(aM)} exp(KM).
Thus M(Z,a,®,U) < oo, which implies that o > CPz(®,U). Thus Pz(®,U) >
CPz(®,U). Then using part (a) above, the result is shown. O

Let 0 : ¥4 — X4 be the shift map on one-sided sequences of p symbols, with
adjacency matrix A. Write U,, for the open cover of ¥, formed by the n-cylinder
sets. We note that diam(U,,) goes to zero as n goes to infinity.

Consider any set Z C X,. There is a unique I' C W,,(U;) covering Z. For each
U € W, (U;) the set X(U) is an (n+1—1)-cylinder, and X (U)NX (V) =0i{U # V.
Thus for each [ > 1 we have that

P exp sup pu(a) < ) exp sup pu(r) <

Uel 1,  *EXO) ver,  *€X(1)
> exp sup ().
Ueliyn_1 zeX(U)

For an almost-additive sequence satisfying (1) this implies that
Py (®,U)) = Py (®,U).
Thus

1
Pz (®) = lim Pz (®,U;) = Pz(®,Uy) = lim —log E exp sup ¢n(z).
l—o00 n—oo n Uer zEX(U)

An almost-additive sequence satisfying (1) on a subshift of finite type the topological
pressure can be computed without the limit as the diameter of the cover goes to
Zero.

Also, we note that it is possible to prove directly that

lim lim 1 log Z,,(®, Z,U)
diam(U)—0n—o0 N
exists for an almost-additive sequence of functions on a compact f-invariant set
Z. This direct proof shows that the condition (1) is required for the limit as the
diameter of the cover goes to zero. Thus for an almost-additive sequence on a
subshift of finite type, we define the topological pressure without this condition, as
in Definition 2.
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5. Variational Principle. For the rest of the paper, we will be considering Z a
compact f-invariant subset of X; thus without loss of generality we assume that
X = Z, and write P(®) = Pz (®).

We first show that for ® an almost-additive sequence satisfying condition (1)

P@) s () + i 5 [ondute) wemxny. o 02

n

We note that condition (2) is not needed for the proof of this inequality. The proof
of the inequality follows the line of argument in Bowen [3] (see also [9]). We only
indicate necessary modifications for the almost-additive case.

Let ' € W, (U) be a cover of X. For A > 0 denote

Z(T,A) = Z A"exp sup ¢n(x).
uer zeX(U)

Fixm>1landlet '™ ={U,...U,, :U, €T}
Lemma 4.
(1™, \) < [(exp C2)Z(T, ) " (13)
Proof. Almost-additivity implies
SUp P (2) < sUp () + -+ sup @p(z) + (m—1)Ca.

zeX(U,..U,,) X(U;) X(U,,)
Hence
Z A exp sup Omn(T) <
U,..U, erm e X(U,..Uy,)

exp [(m - 1)(C2)} Z [)\” exp sup @n(x)l [)\” exp sup gan(x)]

U,..U, erm zeX(U,) zeX(U,,)

m

< [(expCo) [ Y A"exp sup son(af)>

ver zeX(U)

Lemma 5. lim, o (10g Zpm (P, U))/n < mP(P,U).

Proof. Beginning with Equation (13) of Lemma 4 we have

1 1
lim —log inf Z(I™,1)<m lim — [log inf  Z(T,1)+Cy
n—oon TeW,U) n—oo n CeW,, (U)

=m P(®,U) O
Lemma 6. For any fized m > 1 we have C1 + Ppm (S, @) < mPy(P).

Proof. Let V = UV ---V f~™ Y. Then W, (V) and W,,,(U) are in one-to-one
correspondence. Namely, for U = U;, ... U; let V.=V ...Vi, , where V;, =
Ui, N---N fﬁerle' Then

km+m—1"
Xp(U) = Xym (V), (14)

mn—1

km

since

{reX: ffelUnk=0,...mn—1}={zcX:f™ecVi,k=0,...,n—1}.



12 ANNA MUMMERT

By almost-additivity and Equality (14),

n—1
sup Z Som(fmk(x)) +(n—=1)C1 < sup pmn(x),
zeX(V) 12 zeX(U)

which implies that

1
Ci+ P (Sy®,V) < lim —log  inf exp Sup Pmn
f ( ) n—oo M TeEW,n(U) UZGF zeX(U)

The desired result follows from Lemma 5. O

Lemma 7. Let A > 0. Suppose that (expC3)Z(T',\) < 1 for some T' covering X.
Then A < exp(—P(®,U)).

Lemma 8 (Bowen [3]). Let real numbers a1, ...a, be given. Then the quantity
n n
F(pr,...pn) =Y _ —pilogp; + Y _ piai

i=1 =1

has mazimum value log >, exp a; for (p1,...pn) withp; >0 and pr+---+p, = 1,
and the mazimum is assumed only at p; = e (> e®)~L.

Set M(X) to be the set of all Borel probability measures on X. We set H,(C) as
the entropy of u with respect to the partition C, and H,(C|D) as the conditional
entropy of the partition C' with respect to the partition D.

Lemma 9 (Bowen [3]). Let X be a compact metric space, p € M(X), € > 0, and
C a finite Borel partition. There is a 6 > 0 so that H,(C|D) < € whenever D is a
partition with diameter less than é.

Lemma 10 (Bowen [3]). Let A be a finite open cover of X. For each n > 0 there
is a Borel partition D(n) of X so that

a. D € D(n) lies inside some member of T~*A for each k =0,...,n — 1.

b. at most n|A| sets in D(n) can have a point in all their closures.

Lemma 11. Suppose D is a Borel partition of X such that each x € X is in the
closure of at most M members of D. Then

h,(f,D)+ lim l/gondﬂgP(q))—l-logM.

n—oo N

Proof. Let U be a finite open cover of X each member of which intersects at
most M members of D. For each B € D, = DV ---V f~™'D pick zp with
J5 emdu < p(B)@m (2p). Now, using properties of entropy (see for example Katok
and Hasselblatt [8]), and Lemma 8 we have

1 1
hu(f,D)JrnlLH;o*/cpnduS p- (Hu(DmH/somdquCz)

<L ( S (B) (~logu(B) + on(rs)) + ca)
BeD,,
< %log Z exp om(zp) + % (15)

BeD,,
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Fix C' > 0. Let T';,, € W,,,(U) be a cover of X so that

exp sup @m(r) <C+ inf exp sup @m(x). (16)
U; zeX(U) PEWm (U) 1; zeX(U)

For each zp pick Ug € Ty, with zp € X(Ug). This map B — T, is at most M™
to one. As pm(2p) < Supyex (v ) ¥m(2), one has by inequalities (15) and (16)

1 C.
h(f,D) + lim */cpndu< —log > M™exp sup @m(r)+ —
m reX m

Uer,, eXU)

1 Cy logC
< log M + — log Zyn(®,U) + — + kel
m m

By letting m — oo and then diameter & — 0, we obtain the desired inequality. O

Proof of Inequality (12). Let C be a Borel partition and ¢ > 0. By Lemma 9 we
can find a finite open cover A of X so that H,(C|D) < e whenever D is a partition
every member of which is contained in some member of A.

Fix n > 0. Let C,, = CV -+ V f~""1C and D(n) be as in Lemma 10. Then by
Lemma 11 we have

1 1 . 1
o)t i [ g < % (€0 + Jim - f ot o)
1 1
< - n 3 _ n n
< 2 (20 + Jim [ o) +
1
L H, (C.lD(n)
1 1
< L (P (5,) + lognlAl) + - H, (C.lD(n).

We have H,,(C,|D(n)) < Z;;é H,(f~*D|D(n)). Since D(n) refines f~*A for
each k, one has H,(f*C|D(n)) < € (since u is f-invariant, f~*A bears the same
relation to f~*C as A to C). Hence, using Lemma 6,

1 1
hu(f,C )+"}gnoo—/¢mdu < Pp(®) + OgZ\AI +E+%'
Letting n — oo and then € — 0 shows the desired inequality. O

Next we show that for an almost-additive sequence ® satisfying conditions (1)

and (2)
P(®) < sup {h#(f) + hm l/god,u ue M(X, f)} (17)
The following lemmas contain several steps needed in the proof the inequality.
Lemma 12 (Bowen [3]). Fiz a finite set E and h > 0. Let
R(k,h) ={a€ E*: H(a) < h}.
Then limy o0 7 log |R(k, h)| < h.

Let d, be the unit measure on =z € X, and d,, = %(635 + -+ dpn-1,). Define
the set V(z) = {p € M(X) : 0z, — p for some n — oco}. As X is a compact
metric space V(x) is not empty. Also, every measure in V(x) is f-invariant; so
V(z) Cc M(X, f).
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Lemma 13. Let z € X, p € V(z). Fiz § > 0, and € > 0. Then there exists
m, N € N for which one can find a string U € Wi (U) satisfying the following
a. ¢ € X(U)
b. U contains a substring of length km >
ao, - .., ap—1 € U™)*, satisfies =H(a) <
¢. supgex () PN (7) < on(T) + N (P, U)

N — m which, when viewed as a =
h

L)+

Proof. Parts (a) and (b) can be found in Bowen [3]. Let N be large enough so that

1 1
’/@Ndu— lim /gpndu‘ <e, and
N n—oo N

0z N (1) — /90161#‘ <e.

Thus
1 1
— - - <
‘N on () nlggon/wndu‘
1 1 1 1
— _ _ — lim = <
’Nsazv(x) N @Ndu‘ + N/@zvdu nlggon/sondu‘ <
1 N—-1
N Z‘m (fk(w)) —/smdu +
k=0
1 N—-1 1 N-—-1
— CQ(N—]C)—* Cl(N—k‘) +€§B(N)—|—26,
N k=0 N k=0
where
1 n—1 1 n—1
B(n) = |- —k)—— — k).
(n) n’;JCQ(n ) n};)ﬁ(n )

As (2) is satisfied we have for N large enough that B(N) < €, and the result is
shown. O

Proof of Inequality (17). Let U be a finite open cover of X and ¢ > 0. Cover X with
countably many sets X,,, where each X,, is the set of points for which Lemma 13
holds with this m and some p € V(X).

Choose an e-dense set uq, ..., u, in the closed set

1 lim o /nl|oos || Tim /o] -
n—0oo n—oo

Cover each X,,, with the sets Y;,,(u;), where each Y, (u;) is the set of z € X, for
which Lemma 13 holds for this m and some p € V(z) with lim,, .« [(¢ndp)/n €
[u; — €, u; + €.

Next we cover each Y;,,(u) by I'y, ,, and show that we can make

(exp C2) Z(T s A)

as small as desired. Taking the unions of such I',, ,, we obtain a I' covering X with
(expC2)Z(T, \) < 1.
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Let S(N) be the number of all possible strings U satisfying Lemma 13 for some
x € Yo (u). By Lemma 13 part (2), and Lemma 12

S(N) < U™ {V.e ™" : HV) < m(hu(f) +€)}]
< exp [N (hu(f) + €)]

for all sufficiently large V.

For every integer Ny, the strings satisfying Lemma 13, for some z € Y;,(u) and
N > Ny, cover the set Y, (u). Let T'y, ,, be the collection of U showing up in the
present situation for some sufficiently large N > Ny fixed. One can show

Z(Cps ) < i AV S(N)exp [N ( lim 1/<pnd,u—|-36> +’YN((I>,U)}

n—oo N,
N=Nj

< 3 Vo [w (i [ udntna0 e gim 200Y]

N:NO n n—oo n
00 61\/0
< NI
<> =15
N=N©
where
n(®,U
B = Alexp (c+4e—|— lim 7()) <1 (18)
n—oo n
and

1
¢ =sup (hu(f) + lim ~ / sondu> :

w
From Equation (18) we see that for
o U
A < exp— (c—|—4e+ lim %(’)>

n— o0 n

any Y,,(u) can be covered by T'yp, o C 50 Wim(U) with (expca)Z(Tpu, A) as
small as desired. Taking the unions of such I',, , we obtain a I' covering X with
(expe2)Z(T, A) < 1. By Lemma 7, A < exp(—P(®,U)), meaning

P@,U) < ¢+ de + lim 222

n— o0 n

The result is shown by letting € — 0 and diam (i) — 0. O

To prove Theorem 4, we demonstrate a new proof of Lemma 13 part (¢) without
condition (2).

Proof of Lemma 13 part(c). Let x € V(x) and € > 0. For each n there exists a
sequence of integers my = my(n) such that

5m,mk (San) - /gﬁndu‘ <€

for every k € N. Since the sequence ® is almost-additive, for each n € N we have

=

m—1

7cm+zwnofnj§¢nm§ ono f'j+Cm.
k=0 0

3

ES
Il
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Thus

Pmn 11m n
_ﬁgg f] =

Then for N large enough, setting m = my(N), we obtain

on@) L[ g <[gmel®) LR
mN n—oomn " - mN Nm = N

m—1
1|1 N 1 1
—|= - du| + |~ dy — lim ~ d
+ij:0<mv(f x) /sazvqu‘N/saNu nggon/wu‘
c 1 1
N+N+'N/cp1vdu— hm /@,Ldu’ < 3e.
Thus we have ¢y (z) < N(limn — oot [¢,du + 3€) without condition (2). O

The proof of Theorem 4 now procedes as in the proof of Theorem 2.

6. Equilibrium Measures.

Proof of Theorem 5. We show that the function p +— hy,(f) + lim, .o = [ @,dp is
upper semi-continuous. Then use the fact that upper semi-continuous functions
achieve their supremum on a compact set.

The map g +— h,(f) is known to be upper semi-continuous for an expansive
homeomorphism, see for example Bowen [3].

As a consequence of almost-additivity for the sequence of numbers f pndp we

have
1 1 1
— [/wmdquCl} < lim f/sonduﬁ — U@mdquCz]
m n—oo 1, m

for any m > 1 and any measure pu € M (X, f). Let ux, € M (X, f) converge to u in
the weak-star topology. We have for any measure v € M (X, f)

iy L [ i L [ ] < 20GLICD
n—oo n m
Thus
1 1
lim hm — [ wndug = hm — [ wndu,
k—o00 n—00
which shows that p — h,(f) + hmn_>OO = J @ndp is upper semi-continuous. O

6.1. Subshifts of finite type. Let ® = {p,} be an almost-additive sequence
of continuous functions on a mixing subshift of finite type (X4,0). Let C,, be a
cylinder of length n in X 4. The pressure function simplifies to
P(®) = lim 1 log Z sup exp ().
noeen Y A= ceC,

As the system is mixing we have that there is an integer p > 0 such that AP > 0.
This implies that for any cylinders C,, C ¥4 and J; C X 4, there exists a p-cylinder
K, C ¥4 such that C,, K,,J; C X 4.

We use the notation A ~ B when there exists Dy, Dy so that D1A < B < D5 A.

The following lemma can be shown through a series of computations that follow
the work of Feng and Lau [7] [6].
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Lemma 14. ), 5 Sup,cc, exp pn(x) = exp(nP(®P)).
For each integer n > 0 let B,, be the o-algebra generated by the cylinders C,, C
¥ 4. We define a sequence of probability measures {v,, ¢} on B, by
_ _ SuPec, eXP@n(2)
chczA SUp,e, €Xp ¢n ()

There exists a subsequence {v,, &} that converges in the weak-star topology to a
probability measure vg.

Vn,‘i’(cn)

, VC, CXa.

Lemma 15. For alln > 0,C, € ¥4

sué) exp on (z) exp(—nP(P)) = ve(Ch).
zeCy

Lemma 16. There is a unique o-invariant, ergodic Gibbs measure jig on 4.

Proof. Let pug be a limit point of a subsequence of
{ 1 1 ~(m-1)
—(l/q>+1/¢oa +---+vpo0o )
m

in the weak-star topology. By definition ug is a o-invariant probability measure on
¥ 4. For each C,, C ¥4 and [ > p we have that a*l(Cn) is the union of all cylinders
D,C,, C ¥ 4. Thus we can show for every [ > p that
v oo H(Cp) = sup exp g, (z) exp(—nP(P)).
zeCnpn
Sum over all C),, C ¥4, and divide by m. Taking the limit as m goes to infinity
yields that pg satisfies equation (5).
Given any C), and D; C ¥4 and any i > n + 2p we have

pa (Co N o™ (D1)) > Cpa(Cr)pa (D).

As any Borel set can be approximated within € by a finite disjoint union of cylinder
sets, the above inequality holds for all Borel sets. Thus for any e positive measure
Borel sets A, B C X there exists n > 0 such that ue(ANo~"(B)) > 0. Hence ug is
ergodic.

Any two distinct ergodic measures must be singular, but property (5) shows
that they must be absolutely continuous to each other. Thus the measure ug is
unique. O

Lemma 17. The Gibbs measure ug is an equilibrium measure for ®.

Proof. Since pg satisfies equation (5), for each n € N,C,, C X4, and = € C,, we
have log A1 < nP(®) + log ua(Cr) — pn(z) < log As. Integrate over x € C,, sum
over all C), C ¥ 4, and divide by n to get

log C' 1 1 log C
&SP@)%—E Z N@(Cn)logﬂé(cn)_;/@nd/iég SRy

n n
CnCXa

Letting n go to infinity and combining with Inequality (12) yields the result. O

During the proof of the above lemma we also showed the variational principle for
subshifts of finite type without requiring (2), i.e. Theorem 3.

Lemma 18. The Gibbs measure ug is the unique equilibrium measure.

To prove Lemma 18 we use the following two lemmas.
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Lemma 19 (Bowen [3]). Let X be a compact metric space, p € M(X), and D =
{D1,...,D,} a Borel parition of X. Suppose {C,,}>°_; is a sequence of partitions
so that diam(Cy,) = mazcec,, diam(C) — 0 as m — oco. Then there is a sequence
of partitions E,, = {ET",...,E™} so that

a. each ET" is a union of members of Cp,

b. limy, oo W(EMAD;) =0 for each i.

Lemma 20 (Bowen [3]). Suppose 0 < p;,...,pm <1, s=p1+ - +ppn <1 and
at,...,am € R. Then 37" pi(a; —logp;) < s(log > i~ e® —logs).

Proof of Lemma 18. Let v € M (X 4,0) be asecond equilibrium measure, i.e. P(®) =
hy(0) 4 limy, oo [ @ndy.

First suppose that v is singular with respect to the Gibbs measure pg. Then
there is a Borel set B with o(B) = B, ue(B) = 0, and v(B) = 1. Let C,, =
o~ B Y v ... vUY. Then diam (C,,) — 0 as m — oo. Applying Lemma 19 to
the partition {B, X \ B} one finds sets E™ which are unions of elements of C,,
and satisfy (u + v)(BAE™) — 0. As p + v is o-invariant and o~ "+%](B) = B,
one has (u + v)(BAF™) — 0, where F™ = o~ ™*[31E™ is a union of members of
o~ Y v .- VU. For every e there exists an m large enough so that

n—oo N

1 1
P(®) = hy(o) + lim 7/%0ndl/§ - (HV(Z/{V"'VO'_W+1Z/[)+/QDmdl/> +e

or  mP(®) < Beuv.%;_mﬂu [—V(B)log v(B) + /B gamdz/] .

As ¢, is continuous there exists a d so that for each B one can find Xp € B with
©m(z) < om(zp) + d on B. Thus

mP(®) < d+ e+ Y v(B)(pm(zp) —logv(B))
B

mP(®) <d+et+ Y v(B)(pm(zs) —logv(B))+
BeFm

Z V(B)(SOHL(Q:B) —IOgZ/(B))
BeX\Fm
Applying Lemma 20 gives

mP(®) —d < v(F™)log Z exp om(zp)+
BeFm

v(X\F™) Z exp pm(z5) + 2K,
BEX\Fm™
where K = supg< <1 (—slogs). Using the fact that yg is a Gibbs measure, we have
that

—2K —d—e <v(F™)log Z exp(pm(xp) — mP)+
BeFm
V(X \ F™) exp(pm(zp) — mP(®))

<v(F™)log Y AT'us(B)+v(X\F™)log Y A7'pe(B)
BeFlFm™ BeX\Fm

<log A7 + v(F™)log e (F™) + v(X \ F™)log u(X \ F™).
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Letting € — 0, m — oo, v(F™) — 1, and u(F™) — 0, which leads to a contradiction
with the above inequality.

In general, for v/ € M(X4,0), write v/ = Bv 4+ (1 — B)u/, where g € [0,1],
v € M(X4,0) is singular with respect to pg and p' € M(X4,0) is absolutely
continuous with respect to ue. As v and u' are supported on disjoint sets

1
hy(o)+ lim 7/g0ndl//

n—oo n

1 1
=7 (hl,(o) + lim /(pndu) +(1-p5) <hu(a) + lim /(pnd,u> .
n—oo N, n—oo M
Suppose that v/ is an equilibrium measure for ®. As ug is ergodic, we must have

B =0, or B =1. Above we showed that h,(c) + lim,—.oo L [ pndv # P(®). Thus

. ! . . !
V' =y and write v = %/I@.. As v/ and pg¢ are o-invariant, C‘l%p must be a

constant. Since both measures are probability measures we must have v/ = ug. O

6.2. Axiom A diffeomorphisms. We show the existence of a unique equilibrium
measure for Axiom A systems using a conjugacy with a mixing subshift of finite

type.

Lemma 21. Let w: X4 — X be continuous and onto so that moo = fomx. Then
P,(®om) > Ps(2P).

Proof. Let U be an open cover of X, and s € 4. If s € 7~ 1(X(U)), then ws € X (U).
Therefore, for fixed n > 1,

sup op(z) = sup @y om(y).
zeX (U) yer—1X(U)

Thus P¢(®,U) = P,(® o m, 7 'U). We have that
Py(®om, 7 U) < Py(® o) +(n ).
Letting diam(U) — 0 gives that v(7~1U) — 0. Thus the result is shown. O

Proof of Theorem 7. Let R be a Markov partition for {2 of diameter less or equal
€, A the transition matrix for R, and 7 : ¥4 — Q. As in Bowen [3], 7 is one-to-one
except on a set of measure zero.

First we assume that fio is mixing. Then oy, is mixing and there exists an
equilibrium measure ooy Let flg = T* fgor, meaning jug(F) = paoor (7 LE). Then
te is f-invariant. The measure spaces (X 4,0, ioor) and (X, f, ue) are conjugate,
since 7 is one-to-one except on a set of ji4 o™ measure zero. In particular, h,, (f) =
Nyg,. (o) and so by Lemma 21

1 1
Pr(®) > hyy (f) + lim f/gondu(p = hug..(0)+ lim 7/<pno7rdpq>oﬂ

n—oo n n—oo N,

= P (®om) > Pi(d).

Hence P,(® o) = P¢(®) and o is an equilibrium state for .
If fi is not mixing, then use the spectral decomposition to show that there exists
a bijection between M (€, f) and M (X1, f™). Thus we have that

m—1
1 1
(™) = i) and i L[S o = i [ i
n—oo N,
k=0

n—oo N
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o . -1 . . o
Maximizing A (f™) + limp—oo = [ 377 ¢ o fEdy’ is equivalent to maximizing

. 1
hy(f) + lim — / ©ndt.
For ® Holder on €, S,,® will be Holder on X; and therefore we are done since X1
is a mixing basic set of f™.
To show that the measure is unique, suppose u is any equilibrium state of ® and
choose v € M (X 4,0) with 7% v = p. Then h, () > h,(f) and so

1 1
P,(®om) > h,(o)+ lim —/gpnowdz/zh#(f)Jr lim f/gandp

n—oo n n
= P¢(®) = P,(®om).
Thus v is an equilibrium measure for ® o 7 which implies ¥ = pgor. Then p =
T* Udor = M- O

During the proof of the above lemma we also showed the variational principle for
Axiom A diffeomorphisms without requiring (2), i.e. Corollary 2.
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